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A TREATISE ON THE THEORY OF 
INVARIANTS 



OLIVER E. GLENN, PH.D. 
PROFESSOR OF MATHEMATICS IN THE UNIVERSITY OF PENNSYLVANIA 



PREFACE 

The object of this book is, first, to present in a volume of medium size the 
fundamental principles and processes and a few of the multitudinous appli- 
cations of invariant theory, with emphasis upon both the nonsymbolical and 
the symbolical method. Secondly, opportunity has been taken to emphasize a 
logical development of this theory as a whole, and to amalgamate methods of 
English mathematicians of the latter part of the nineteenth century-Boole, Cay- 
ley, Sylvester, and their contemporaries-and methods of the continental school, 
associated with the names of Aronhold, Clebsch, Gordan, and Hermite. 

The original memoirs on the subject, comprising an exceedingly large and 
classical division of pure mathematics, have been consulted extensively. I have 
deemed it expedient, however, to give only a few references in the text. The 
student in the subject is fortunate in having at his command two large and 
meritorious bibliographical reports which give historical references with much 
greater completeness than would be possible in footnotes in a book. These are 
the article "Invariantentheorie" in the "Enzyklopadie der mathematischen Wis- 
senschaften" (I B 2), and W. Fr. Meyer's "Bericht iiber den gegenwartigen Stand 
der Invarianten-theorie" in the "Jahresbericht der deutschen Mathematiker- 
Vereinigung" for 1890-1891. 

The first draft of the manuscript of the book was in the form of notes for 
a course of lectures on the theory of invariants, which I have given for several 
years in the Graduate School of the University of Pennsylvania. 

The book contains several constructive simplifications of standard proofs 
and, in connection with invariants of finite groups of transformations and the 
algebraical theory of ternariants, formulations of fundamental algorithms which 
may, it is hoped, be of aid to investigators. 

While writing I have had at hand and have frequently consulted the following 
texts: 



• 



• 



• 



• 



• 



• 



• 



CLEBSCH, Theorie der binaren Formen (1872). 

CLEBSCH, LINDEMANN, Vorlesungen uher Geometric (1875). 

DICKSON, Algebraic Invariants (1914). 

DICKSON, Madison Colloquium Lectures on Mathematics (1913). I. In- 
variants and the Theory of lumbers. 

ELLIOTT, Algebra of Quantics (1895). 

FAA DI BRUNO, Theorie des formes binaires (1876). 

GORDAN, Vorlesungen iiber Invariantentheorie (1887). 

GRACE and YOUNG, Algebra of Invariants (1903). 

W. FR. MEYER, AUgemeine Formen und Invariantentheorie (1909). 



• W. FR. MEYER, Apolaritat und rationale Curven (1883). 

• SALMON, Lessons Introductory to Modern Higher Algebra (1859; 4th 
ed., 1885). 

• STUDY, Methoden zur Theorie der teniaren Fornien (1889). 



O. E. GLENN 
PHILADELPHIA, PA. 
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Chapter 1 

THE PRINCIPLES OF 
INVARIANT THEORY 

1.1 The nature of an invariant. Illustrations 

We consider a definite entity or system of elements, as tlie totality of points 
in a plane, and suppose that the system is subjected to a definite kind of a 
transformation, like the transformation of the points in a plane by a linear 
transformation of their coordinates. Invariant theory treats of the properties of 
the system which persist, or its elements which remain unaltered, during the 
changes which are imposed upon the system by the transformation. 

By means of particular illustrations we can bring into clear relief several 
defining properties of an invariant. 

1.1.1 An invariant area. 

Given a triangle ABC drawn in the Cartesian plane with a vertex at the origin. 
Suppose that the coordinates of A are (xi,yi); those of B (x2,j/2). Then the 
area A is 

^ = 9(^1^2 - X2yi), 
or, in a convenient notation, 

A=^(a;j/). 

Let us transform the system, consisting of all points in the plane, by the 
substitutions 

X = Xix' + jiiy', y = \2x' + ii2y' ■ 
The area of the triangle into which A is then carried will be 
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and by applying the transformations directly to A, 

A=(Ai^2-A2Mi)A'. (1) 

If we assume that the determinant of the transformation is unity, 

D = (A^) = 1, 
then 

A' = A. 



Thus the area A of the triangle ABC remains unchanged under a transfor- 
mation of determinant unity and is an invariant of the transformation. The 
triangle itself is not an invariant, but is carried into abC. The area A is called 
an absolute invariant if Z) = 1. li D =/= I, a\\ triangles having a vertex at the 
origin will have their areas multiplied by the same number D^^ under the trans- 
formation. In such a case A is said to be a relative invariant. The adjoining 
figure illustrates the transformation of A(5, 6), B{A, 6), C(0, 0) by means of 

x = x' +y' ,y = x' + 2y' . 
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1.1.2 An invariant ratio. 

In I the points (elements) of the transformed system are located by means of 
two lines of reference, and consist of the totality of points in a plane. For a 
second illustration we consider the system of all points on a line EF. 



We locate a point C on this line by referring it to two fixed points of reference 
P, Q. Thus C will divide the segment PQ in a definite ratio. This ratio, 

PC/CQ, 

is unique, being positive for points C of internal division and negative for points 
of external division. The point C is said to have for coordinates any pair of 
numbers (xi,a;2) such that 

where A is a multiplier which is constant for a given pair of reference points 
P, Q. Let the segment PC be positive and equal to /i. Suppose that the point 
C is represented by the particular pair (^1,^2)7 and let D (51,^2) be any other 
point. Then we can find a formula for the length of CD. For, 

CQ PC PQ 11 



and 



Consequently 



P2 Api \pi + P2 Api + P2 



DQ fi 



172 Agi + 92 



CD^CQ^DQ^ .^ /^.y ^ . . (3) 

[Ml + g2)(Api +P2) 

Theorem. The anharmonic ratio {CDEF} of four points C{p2,P2), D{'li,<l2), 
E{ri,r2), F{6i,S2), defined by 

is an invariant under the general linear transformation 

T : xi = Xix[ + jjLix'2,X2 = A2x'j + ^2a;2, (A;u) i= 0. (3i) 
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In proof we have from (3) 

WDEFl = ^'^P^'^^''^ 

But under the transformation (cf. (1)), 

(qp) = {Xl^Kq'p'), (4) 

and so on. Also, C, D, E, F are transformed into the points 

C'{p[,p^,),D\q[,q^,),E\r[,r^,),F\s[,s^,), 

respectively. Hence 



frnPFX - (g^)(^^) - {q'p'){s'r') _ rw^/p/p/i 
and therefore the anharmonic ratio is an absolute invariant. 



1.1.3 An invariant discriminant. 

A homogeneous quadratic polynomial, 

/ = a^x-^ + 2aiXiX2 + 02X2, 

when equated to zero, is an equation having two roots which are values of 
the ratio xi/x2. According to II we may represent these two ratios by two 
points C{pi,p2),D{qi,q2) on the line EF. Thus we may speak of the roots 
(pi,P2),(gi,g2) of/. 

These two points coincide if the discriminant of / vanishes, and conversely; 
that is if 

D = 4(aoa2 - a\) = Q 

If / be transformed by T, the result is a quadratic polynomial in a;']^,X2, or 

J ^ (lr\X^ '\' Zi(l-\ X-t Xn \ (ioXn , 

Now if the points C, D coincide, then the two transformed points C , D' also 
coincide. For if CD = 0, (3) gives (qp) = 0. Then (4) gives {q'p') = 0, since by 
hypothesis (A/i) =/= 0. Hence, as stated, C" D' = 0. 

It follows that the discriminant D' of /' must vanish as a consequence of the 
vanishing of D. Hence 

D' = KD. 

The constant K may be determined by selecting in place of / the particular 
quadratic /i = 2xiX2 for which D = —A. Transforming /i by T we have 

/{ = 2A1A2X1 + 2(Ai/^2 + Ml^i)xiX2 + 2piiJ,2x\] 
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and the discriminant of /( is D' = —A(Xfi)'^. Then the substitution of these 
particular discriminants gives 

-4(A^)2 = -iK, 
K={\^if. 

We may also determine K by applying the transformation T to f and com- 
puting the explicit form of /' . We obtain 

Oq = oqA^ + 2aiAiA2 + a2\\, 

a'l = aoAi/xi + ai{\i^2 + Ml^-i) + 0,2^1^-2, (5) 

a'2 = ao^l + 2ai^ijj,2 + 02^27 

and hence by actual computation, 

4(a'oa'2 - a'l) = A{\^f{aQa2 - af), 
or, as above, 

D' = [XiifD. 

Therefore the discriminant of / is a relative invariant of T (Lagrange 1773); and, 
in fact, the discriminant of /' is always equal to the discriminant of / multiplied 
by the square of the determinant of the transformation.. 

Preliminary Geometrical Definition. 

If there is associated with a geometric figure a quantity which is left unchanged 
by a set of transformations of the figure, then this quantity is called an absolute 
invariant of the set (Halphen). hi I the set of transformations consists of all 
linear transformations for which (A^) = 1. hi II and III the set consists of all 
for which (A^) ^ 0. 

1.1.4 An Invariant Geometrical Relation. 

Let the roots of the quadratic polynomial / be represented by the points (pi,P2), (?'i, ^'2)5 
and let be a second polynomial, 

(j) = boxj + 261X1X2 + b2xl, 

whose roots are represented by {qi,q2), {si,S2), or, in a briefer notation, by 
{q), (s). Assume that the anharmonic ratio of the four points (p), (q), (r), (s), 
equals minus one, 

iqp){sr) ^ ^ 

(sp){qr) 
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The point pairs / = 0, (/) = are then said to be harmonic conjugates. We have 
from (6) 

2h = 2p2r2Siqi +2piriS2(?2 - {pir2 +P2ri){qiS2 + <72Si) = 0. 
But 

/ = ixip2 - X2Pi){xir2 - X2ri), 
4> = {xiq2 - X2qi){xiS2 - X2Si). 



Hence 



ao = p2, 2ai = -{p2ri+pir2), a2 = pm, 
bo = <72S2, 26i = -{q2Si + 171S2), &2 = <7isi, 

and by substitution in {2h) we obtain 

h = 0962 - 2aibi + 0260 = 0. (7) 

That ft- is a relative invariant under T is evident from (6): for under the trans- 
formation /, (f> become, respectively, 



where 



Hence 



That is. 



/' = ix[p'2 - x'2p'i){x[r'2 - x'2r[), 
</*' = (2:1172 - x'2q'i){x[s'2 - x'2s[), 



Pi = M2PI - M1P2, P2 = -^2Pl + Ai|32, 

r[ = IJ-2n - lJ.ir2, r-j = -A2ri + Air2, 



{qp){sr) + {s'p')(qr') = {\fi)^[{qp){sr) + {sp){qr)]. 



h! = {Xiifh. 

Therefore the bilinear function h of the coefficients of two quadratic polyno- 
mials, representing the condition that their root pairs be harmonic conjugates, 
is a relative invariant of the transformation T. It is sometimes called a joint 
invariant, or simultaneous invariant of the two polynomials under the transfor- 
mation. 



Elimination of the c coefficients 


gives 






ao ai 


02 


C = 


60 hi 


62 




X2 -a;iX2 


X? 


This polynomial, 
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1.1.5 An invariant polynomial. 

To the pair of polynomials /, </), let a third quadratic polynomial be adjoined, 

tp = cqx\ + 2cia;2X2 + C2a;2 

= {xiU2 - X2Ui){xiV2 - a;2?;i). 

Let the points (wi,M2) (i'i)t'2)7 be harmonic conjugate to the pair (p), (r); and 
also to the pair (q), (s). Then 

coa2 — 2ciai — C2ao =0, 

C062 - 2ci6i - C260 =0, 

cqX]^ + 2ciXiX2 + c2x2 =0. 



= (8) 



C = {aobi — aibo)xl + (0062 - a2bo)xiX2 + (0162 - a2bi)x\, 

is the one existent quadratic polynomial whose roots form a common harmonic 
conjugate pair, to each of the pairs /, 0. 

We can prove readily that C is an invariant of the transformation T . For we 
have in addition to the equations (5), 

b'o = ho\l+2bi\i\2 + b2\l, 

b'l = boXifii + bi{Xiii2 + hfJ-i) + &2A2/U2, (9) 

62 = 6o/"l + 26i^i;U2 + ^2/"2- 

Also if we solve the transformation equations T for x'^ , x'2 in terms of xi , X2 we 
obtain 

^'1 = i^fJ-y^il^2Xi - 1^1X2), 

x'2 = {Xfl)-\-X2Xi + XiX2), (10) 



Hence when /, (p are transformed by T, C becomes 

C = (11) 

{{aoXl + 2aiAiA2 + a2A2)[6oAi/Ui + bi{Xifi2 + X2111) + t2A2M2] 

-{boXl + 261A1A2 + 62A2[aoAi/xi + ai{Xiii2 + A2/U1) + a2X2ii2]} 

x(XiJ,y^ {112x1 - 111x2)^ H . 
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When this expression is niultiphed out and rearranged as a polynomial in xi, 
X2, it is found to be {Xjj^C. That is, 

C" = (A^)C 

and therefore C is an invariant. 

It is customary to employ the term invariant to signify a function of the co- 
efficients of a polynomial, which is left unchanged, save possibly for a numerical 
multiple, when the polynomial is transformed by T. If the invariant function 
involves the variables also, it is ordinarily called a covariant. Thus D in III is a 
relative invariant, whereas C is a relative covariant. 

The Inverse of a Linear Transformation. 

The process (11) of proving by direct computation the invariancy of a function 
we shall call verifying the invariant or covariant. The set of transformations 
(10) used in such a verification is called the inverse of T and is denoted by T^^ . 



1.1.6 An invariant of three lines. 

Instead of the Cartesian coordinates employed in I we may introduce homoge- 
neous variables {xi,X2,X3) to represent a point P in a plane. These variables 
may be regarded as the respective distances of N from the three sides of a 
triangle of reference. Then the equations of three lines in the plane may be 
written 

aiixi + ai2X2 + ai3X3 = 0, 
a2ixi + a22X2 + 023X3 = 0, 
031x1 + 032x2 + 033x3 = 0. 



The eliminant of these, 



D = 



ail 


012 


Ol3 


02 1 


022 


023 


031 


032 


033 



evidently represents the condition that the lines be concurrent. For the lines are 
concurrent if D = 0. Hence we infer from the geometry that D is an invariant, 
inasmuch as the transformed lines of three concurrent lines by the following 
transformations, S, are concurrent: 



xi = Aix'i + /U1X2 + vix'2, 

S : X2 = A2X1 + ^2X2 + !^2X3, 

xi = \^x'^ + ^3X2 + 7^3X3 . 



(AH ^ 0. 



(12) 



To verify algebraically that D is an invariant we note that the transformed of 
Oiixi + Oi2X2 + ai3X3 (i= 1,2,3), 
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by S is 



+ai2«2 + ai3W3)a;3 (i= 1,2,3). 



(13) 



Thus the transformed of D is 



D' 



aiiAi + ai2\2 + 013^3 


aiiiii + ai2^i2 + ai3M3 


aiii/i +ai2i^2 + ai3i^3 


^21-^1 ^" (222^2 ^" '223A3 


a2iMi + ^22^2 + a23M3 


021^^1 + 022^2 + a23^'3 


031 •^i + 032-^2 + a33'^3 


asijUi + a32/U2 + assjus 


a^ivi +0321^2 + 0331^3 


{\liv)D. 




(14) 



The latter equahty holds by virtue of the ordinary law of the product of two 
determinants of the third order. Hence D is an invariant. 

1.1.7 A Differential Invariant. 

In previous illustrations the transformations introduced have been of the linear 
homogeneous type. Let us next consider a type of transformation which is 
not linear, and an invariant which represents the differential of the arc of a 
plane curve or simply the distance between two consecutive points (x, y) and 
(x + dx, y + dy) in the (x, y) plane. 

We assume the transformation to be given by 

x' = X{x,y,a), y' = Y{x,y,a), 

where the functions X, Y are two independent continuous functions of x, y and 
the parameter a. We assume (a) that the partial derivatives of these functions 
exist, and (b) that these are continuous. Also (c) we define X, Y to be such 
that when a = oq 

X{x, y, ao) = X, Y{x.y, ao) = y. 

Then let an increment 5a be added to ao and expand each function as a power 
series in 5a by Taylor's theorem. This gives 



f Yt ^ , dX{x,y,ao) 

X = X{x,y,ao) -\ da 

dao 

I v( ^ , clY(x,y,aQ) 
y = Y{x, y, ao) H ^ 5a H 



(15) 



Since it may happen that some of the partial derivatives of X, Y may vanish for 
a = ao, assume that the lowest power of 5a in (15) which has a non- vanishing 
coefficient is {5a) , and write {5a) = 5t. Then the transformation, which is 
infinitesimal, becomes 
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J x' = X -\- ^5t, 

y' = y + vSt- 

where ^, rj are continuous functions of x, y. The effect of operating / upon the 
coordinates of a point P is to add infinitesimal increments to those coordinates, 



Sx = ^§t, 

6y = rj5t. (16) 

Repeated operations with / produce a continuous motion of the point P along a 
definite path in the plane. Such a motion may be called a stationary streaming 
in the plane (Lie). 

Let us now determine the functions ^, 77, so that 

a = dx + dy 

shall be an invariant under /. 

By means of /, a receives an infinitesimal increment Sa. In order that a 
may be an absolute invariant, we must have 

-5a = dx6dx + dySdy = 0, 
or, since differential and variation symbols are permutable, 
dxdSx + dydSy = dxd^ + dydrj = 0. 

Hence 

{^xdx + iydy)dx + (rj^dx + r]ydy)dy = 0. 

Thus since dx and dy are independent differentials 

That is, ^ is free from x and 77 from y. Moreover 

sxy Vxx ^yy 
Hence S, is linear in y, and rj is linear in x; and also from 

^ = ay + (3, T] = -ax + J. (17) 

Thus the most general infinitesimal transformation leaving a invariant is 

I : x' = X + {ay + j3)5t, y' = y + {-ax + j)St. (18) 

Now there is one point in the plane which is left invariant, viz. 

x = j/a, y = —(3/a. 
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The only exception to this is when a = 0. But the transformation is then 
completely defined by 

x' = X + (35t, y' = y + ^5t, 

and is an infinitesimal translation parallel to the coordinate axes. Assuming 
then that a =/= 0, we transform coordinate axes so that the origin is moved to 
the invariant point. This transformation, 

x = x + j/a, y = y- (3/ a, 

leaves a unaltered, and / becomes 

x' = X + aySt, y' = y — ax5t. (19) 

But (19) is simply an infinitesimal rotation around the origin. We may add 
that the case a = does not require to be treated as an exception since an 
infinitesimal translation may be regarded as a rotation around the point at 
infinity. Thus, 

Theorem. The most general infinitesimal transformation which leaves a = 
dx"^ + dy"^ invariant is an infinitesimal rotation around a definite invariant point 
in the plane. 

We may readily interpret this theorem geometrically by noting that if a is 
invariant the motion is that of a rigid figure. As is well known, any infinitesimal 
motion of a plane rigid figure in a plane is equivalent to a rotation around a 
unique point in the plane, called the instantaneous center. The invariant point 
of / is therefore the instantaneous center of the infinitesimal rotation. 



The adjoining figure shows the invariant point (C) when the moving figure 
is a rigid rod R one end of which slides on a circle S*, and the other along a 
straight line L. This point is the intersection of the radius produced through 
one end of the rod with the perpendicular to L at the other end. 

1.1.8 An Arithmetical Invariant. 

Finally let us introduce a transformation of the linear type like 
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T : xi = \ix'^ + /X1X2, X2 = A2x'^ + /X2X2, 

but one in which the coefficients A, fi are positive integral residues of a prime 
number p. Call this transformation Tp. We note first that Tp may be generated 
by combining the following three particular transformations: 

(a) xi = X]^ + tx2, a;2 = X2, 

(6) XI =x'i, X2 = A4, (20) 

(c) xi = x'2, X2 = -x[, 

where t, A are any integers reduced modulo p. For (a) repeated gives 

xi = {x'l + te'a) + tx2 = x'( + 2tx2, X2 = Xj . 
Repeated r times (a) gives, when rt = u (mod p) , 

(d) Xi = x'-^ -\- ux'2 , X2 = x'2 ■ 
Then (c) combined with (d) becomes 

(e) x\ = —ux'i -\- x'2, X2 = —x'l. 

Proceeding in this way Tp may be built up. 
Let 

/ = aQX-i + 2aiXiX2 + 02X2, 

where the coefficients are arbitrary variables; and 

g = aQx\ + ai{x\x2 + xix\) + a2x\, (21) 

and assume p = 2>. Then we can prove that g is an arithmetical co variant; in 
other words a covariant modulo 3. This is accomplished by showing that if / be 
transformed by T3 then g' will be identically congruent to g modulo 3. When / 
is transformed by (c) we have 

/ = a2Xi — ZaiXiX2 + 00X2 . 

That is, 

a'g = 02, a'l = — ai, a'2 = oq. 

The inverse of (c) is x'2 = xi, x'^ = —X2- Hence 

g' = 02x| + ai{xix\ + x\x2) + aQx\ = g, 

and g is invariant, under (c). 

Next we may transform / by (a); and we obtain 

flg = ao, a-i = agt -\- ai, 02 = agt + 2ait -\- 02. 
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The inverse of (a) is 

X2 = X2, x'l = Xl — tX2. 

Therefore we must have 

g' = ao(xi - ^2)'' + (aoi + ai) [{xi - ^2)^x2 + {xi - tx2)x\] 

+ (aot^ +2ait + 02)^2 (22) 

= aQXi + ai(x]^X2 + X1X2) + 02^2 (mod 3) 

But this congruence fohows immediately from the following case of Fermat's 
theorem: 

t^ = t(mod 3). 

Likewise g is invariant with reference to (b). Hence g is a formal modular 
CO variant of / under T3. 

1.2 Terminology and Definitions. Transforma- 
tions 

We proceed to formulate some definitions upon which immediate developments 
depend. 

1.2.1 An invariant. 

Suppose that a function of n variables, /, is subjected to a definite set of trans- 
formations upon those variables. Let there be associated with / some definite 
quantity such that when the corresponding quantity 0' is constructed for the 
transformed function /' the equality 

4)' = M4> 

holds. Suppose that M depends only upon the transformations, that is, is free 
from any relationship with /. Then </< is called an invariant of / under the 
transformations of the set. 

The most extensive subdivision of the theory of invariants in its present 
state of development is the theory of invariants of algebraical polynomials under 
linear transformations. Other important fields are differential invariants and 
number-theoretic invariant theories. In this book we treat, for the most part, 
the algebraical invariants. 

1.2.2 Quantics or forms. 

A homogeneous polynomial in n variables xi , X2 , . . . , x„ of order m in those 
variables is called a quantic, or form, of order m. Illustrations are 

f{xi, X2) = uqx-^ + 3aix^X2 + 3a2XiX2 + 03X2, 
f{xi,X2,X3) = 0200^1 + 2aiioa;iX2 + 0020X2 + 20101X1X3 + 20911X2X3 + 0002X3 
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With reference to the number of variables in a quantic it is called binary, ternary; 
and if there are n variables, n-ary. Thus f{xi,X2) is a binary cubic form; 
/(xi,X2,X3) a ternary quadratic form. In algebraic invariant theories of binary 
forms it is usually most convenient to introduce with each coefficient ai the 
binomial multiplier (™) as in f{xi,X2). When these multipliers are present, a 
common notation for a binary form of order m is (Cayley) 

f{xi,X2) = (ao,ai, • • • ,a„ ^ a;i,X2)'" = aox™ + maia;™""^X2 H . 

If the coefficients are written without the binomial numbers, we abbreviate 



f(xi,X2) = (ao,ai,- •• ,am^, xi,X2)™ = flaX™ + aix™ ^X2 H . 

The most common notation for a ternary form of order m is the generalized 
form of f{xi,X2,X3) above. This is 

m I 

r/ \ \ ^ ''*'• p q r 

J(Xl,X2,X3)— / ^ I I ^0,pqrX-^^X2X-^, 

p,q,r=0 ^'^' 

where p, q, r take all positive integral values for which p -\- q -\- r = ni. It will 
be observed that the multipliers associated with the coefficients are in this case 
multinomial numbers. Unless the contrary is stated, we shall in all cases con- 
sider the coefficients a of a form to be arbitrary variables. As to coordinate 
representations we may assume (xi,X2,X3), in a ternary form for instance, to 
be homogenous coordinates of a point in a plane, and its coefficients a^q^. to 
be homogenous coordinates of planes in M-space, where M + 1 is the number 
of the a's. Thus the ternary form is represented by a point in M dimensional 
space and by a curve in a plane. 

1.2.3 Linear Transformations. 

The transformations to which the variables in an n-ary form will ordinarily be 
subjected are the following linear transformations called collineations: 

xi = Xix'i + 111X2 + . . . + o-ix'„ 

X2 = A2X1 + 112X2 + . . . + (y2x'n (23) 



^nXi + Mn'^2 + • • • + 0"„Xjj. 



In algebraical theories the only restriction to which these transformations will 
be subjected is that the inverse transformation shall exist. That is, that it be 
possible to solve for the primed variables in terms of the un-primed variables 
(cf. (10)). We have seen in Section 1, V (11), and VIII (22) that the verification 
of a covariant and indeed the very existence of a covariant depends upon the 
existence of this inverse transformation. 
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Theorem. A necessary and sufficient condition in order that the inverse of 
(23) may exist is that the determinant or modulus of the transformation, 



M = {Xjiv ...a) 



shall he different from zero. 

In proof of this theorem we observe that the minor of any element, as of /^i, 
of M equals jr^. Hence, solving for a variable as x^, we obtain 



Ai, 


Ml, 


Ul, . 


.. 0-1 


A2, 


/«2, 


1^2, 


. . 0-2 


An, 


IJ-n, 


Vn, ■ 


. . o-„ 



d^i 



, ,, , I dM dM 

a/ii c'/i2 



dM\ 
"'diinj 



and this is a defined result in all instances except when M = 0, when it is 
undefined. Hence we must have M =/= 0. 

1.2.4 A theorem on the transformed polynomial. 

Let / be a polynomial in xi, X2 of order m. 



f{xi,X2) = aox™ + maix™ X2+{ ]a2X™ Xj + . . . + a^x™ 
Let / be transformed into /' by T (cf. 3i) 



/' = a'ox'r + ma[x'^-^x'2 + •••+( ^ ) olrX^^'' x'^ + ■■■ + al^x'^ ■ 

We now prove a theorem which gives a short method of constructing the 
coefficients a'^ in terms of the coefficients ag, . . . , a^. 

Theorem. The coefficients a'^ of the transformed form f are given by the 
formulas 

a;= (!!^!:):L J_+^2^') /(Ai,A2) (r = 0,...,m). (23i) 

to! \ aAi 0X2/ 

In proof of this theorem we note that one form of /' is f(\ix'i + JI1X2, \2x\ + 
[12x^2) ■ But since /' is homogeneous this may be written 

/' = x'™/(Ai + m4M, A2 + ii2x'2lx\). 

We now expand the right-hand member of this equality by Taylor's theorem, 
regarding x'2/xi as a parameter. 
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f = < 



/(Ai,A2) + ^(^m|^)/(Ai,A2) 



1 fx'o 
2! 
1 fx 



^d\^ /(Ai,A2) + 



where 



d\ 



d 
/«|^) /(Ai,A2) + 



^''dxl + ^'dx-. 



f = f{\i,M)xT + • • • + ;^ (mJ^) /(Ai, A2)xr-^x'2'- + 



m! V d\ 



/(Ai,A2)4™- 



Comparison of this result with the above form of /' involving the coefficients a^ 
gives (23i). 

An illustration of this result may be obtained from (5). Here m = 2, and 



aoAf + 2aiAiA2 + a2A2 = /(Ai, A2) = /o 

1 
aoAi;Ui + ai(Ai/^2 + A2;Ui) + a2\2l^2 



2,M^|/(Ai,A2), 



1 / fi \ '^ 



(24) 



1.2.5 A group of transformations. 

If we combine two transformations, as T and 

rp, . x[ = ^ix^{+T]ix'^, 
' x'2 = ^2X2+mX2, 



there results 



TT 



,, xi = (Ai^i + iJ.i^2)xi + (A1771 + iJir]2)x'J., 

X2 = (A2C1 + l^2^2)x'{ + (A2771 + IJ,2m)x2, 



This is again a linear transformation and is called the product of T and T' . 
If now we consider Ai, A2, /xi, //2 in T to be independent continuous variables 
assuming, say, all real values, then the number of linear transformations is 
infinite, i.e. they form an infinite set, but such that the product of any two 
transformations of the set is a third transformation of the set. Such a set of 
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transformations is said to form a group. The complete abstract definition of a 
group is the fohowing: 

Given any set of distinct operations T, T", T'" , • • • , finite or infinite in num- 
ber and such that: 

(a) The result of performing successively any two operations of the set is 
another definite operation of the set which depends only upon the component 
operations and the sequence in which they are carried out: 

(/3) The inverse of every operation T exists in the set; that is, another op- 
eration T such that TT is the identity or an operation which produces no 
effect. 

This set of operations then forms a group. 

The set described above therefore forms an infinite group. If the transforma- 
tions of this set have only integral coefficients consisting of the positive residues 
of a prime number p, it will consist of only a finite number of operations and so 
will form a finite group. 



1.2.6 The induced group. 

The equalities (24) constitute a set of linear transformations on the variables 
ao, ai, 02. Likewise in the case of formulas (23i). These transformations are said 
to be induced by the transformations T . If T carries / into /' and T" carries 
/' into /", then 



Or = \ h?l^ / (Ci>?2) 



(— )!r.^^f l(,^)V(A.A.)er-e2. (24.) 



^ ^^ 8=0 ^ 



(r = 0,1,--- ,m). 



This is a set of linear transformations connecting the a" directly with ag, • • • , a^. 
The transformations are induced by applying T, T" in succession to /. Now the 
induced transformations (^SiJ form a group; for the transformations induced by 
applying T and T' in succession is identical with the transformation induced by 
the product TT' . This is capable of formal proof. For by (28i) the result of 
transforming / by TT' is 

( fin — r)' 

a': = ^ ^ A7(Aiei + Mie2, AaCi + M26), 

where 

. ,, d d 

A = (A1771 + ^i?72) „, — - + (A2?7l + ^2'?2) - 



5(Aiei + Mi6) ^ ' "^"^5(A2ei + M26) 
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But 

(Ai?7i +/xi772J 



(Aia + /«i6) sa 

a 9(Aiei + m6) 



= VI 

+ m 



He 



(AiCi + Mi6) 56 

d£,i d£,2 



A=(4)+(4 



and by the method of (IV) combined with this value of A 

But this is identical with (24i). Hence the induced transformations form a 
group, as stated. This group will be called the induced group. 

Definition. 

A quantic or form, as for instance a binary cubic /, is a function of two distinct 
sets of variables, e.g. the variables xi, X2, and the coefficients ao, . . . , 03. It is 
thus quaternary in the coefficients and binary in the variables xi , X2 . We call it 
a quaternary-binary function. In general, if a function F is homogeneous and of 
degree i in one set of variables and of order w in a second set, and if the first set 
contains m variables and the second set n, then F is said to be an m-ary-n-ary 
function of degree-order (i, lo). If the ffist set of variables is ag, . . . , a„, and the 
second and the second xi, . . . , x„, we frequently employ the notation 

F = (ao,.. .,a^y{xi,...,x„)'^. 

1.2.7 Cogrediency. 

In many invariant theory problems two sets of variables are brought under con- 
sideration simultaneously. If these sets (xi, X2, ■ ■ ■ , a;„), (yi, 2/2, •' ' iVn) are sub- 
ject to the same scheme of transformations, as (23), they are said to be cogre- 
dient sets of variables. 

As an illustration of cogredient sets we first take the modular binary trans- 
formations, 

Tp : xi = Xix[ + jjLix'2,X2 = A2X1 + ^22:2, 

where the coefficients A,/i are integers reduced modulo p as in Section 1, VIII. 
We can prove that with reference to Tp the quantities x\,x^^ are cogredient to 
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xi,a;2. For all binomial numbers (^), where p is a prime, are divisible by p 
except (^) and (^) . Hence, raising the equations of Tp to the pth power, we 
have 

Xj" = Xixf + Mi^2^' ^2 — -^f^/" + M2^2^ (mod p). 
But by Fermat's theorem, 

Af = \i, iJl = Hi (mod p) (i = 1, 2). 

Therefore 

xf = Aix'/* + i^ix'^, x^ = \2x'^ + 112X2 , 

and the cogrediency oi x\,x^ with xi,X2 under Tp is proved. 

1.2.8 Theorem on the roots of a polynomial. 

Theorem. The roots (r\ , r2 ), (r]^ , r2 ), • • • , ((7*1 ,^2 ) "/ "^ binary form 

f = aox™ + maix™^"^X2 + ... + flmX™, 
are cogredient to the variables. 
To prove this we write 

f I (1) (1) \l (2) (2) ^ I (™) (m) N 

/ = {r\ 'x\ - r\ 'X2)\r2 x\ - r\ ' X2) ■ ■ -[^2 ^1 - M 2:2), 
and transform / by T . There results 

/' = n [(4'^Ai - r«A2)xi + (rW^i " r«M2)4 

Therefore 

rf = rf\, - r«A2; rf^ = -(r«Mi " ^[^^2). 

Solving these we have 

(A/.)rW = Air'«+mrf, 
(A/.)r« = A2r'«+M2rf. 

Thus the r's undergo the same transformation as the x's (save for a common 
multiplier (A/^)), and hence are cogredient to xi, X2 as stated. 

1.2.9 Fundamental postulate. 

We may state as a fundamental postulate of the invariant theory of quantics 
subject to linear transformations the following: Any covariant of a quantic 
or system of quantics, i.e. any invariant formation containing the variables 
xi,X2, . . . will keep its invariant property unaffected when the set of elements 
xi, X2, ... is replaced by any cogredient set. 
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This postulate asserts, in effect, tfiat tfie notation for tfie variables may be 
changed in an invariant formation provided the elements introduced in place of 
the old variables are subject to the same transformation as the old variables. 

Since invariants may often be regarded as special cases of covariants, it is 
desirable to have a term which includes both types of invariant formations. We 
shall employ the word concomitant in this connection. 

BINARY CONCOMITANTS 

Since many chapters of this book treat mainly the concomitants of binary forms, 
we now introduce several definitions which appertain in the first instance to the 
binary case. 

1.2.10 Empirical definition. 

Let 

/ = aox™ + maix^^^X2 + -m(m — l)a2X™^'^x\ + • • • + flmX™, 
be a binary form of order m. Suppose / is transformed by T into 
/' = a'ox'i" + ma'ix'™-^^ + • • • + a'^x's™. 

We construct a polynomial (j) in the variables and coefficients of /. If this 
function (j) is such that it needs at most to be multiplied by a power of the 
determinant or modulus of the transformation (A/^), to be made equal to the 
same function of the variables and coefficients of /', then </) is a concomitant 
of / under T. If the order of (j) in the variables xi, X2 is zero, (j) is an invari- 
ant. Otherwise it is a co variant. An example is the discriminant of the binary 
quadratic, in Paragraph III of Section 1. 

If (/) is a similar invariant formation of the coefficients of two or more binary 
forms and of the variables xi, X2, it is called a simultaneous concomitant. Illus- 
trations are h in Paragraph IV of Section 1, and the simultaneous co variant C 
in Paragraph V of Section 1. 

We may express the fact of the invariancy of </) in all these cases by an 
equation 

in which (jJ is understood to mean the same function of the coefficients Oq, a'j^, 
. . ., and of x'l^ x^ that </) is of ao, ai, . . ., and xi, X2. Or we may write more 
explicitly 

0(ao,a'i,...;Xi,X2) = (A/x)''(/)(ao, oi, . . . ; xi, X2). (25) 

We need only to replace T by (23) and (Ayu) by M = (A/i • • • o") in the above 
to obtain an empirical definition of a concomitant of an n-ary form / under 
(23). The corresponding equation showing the concomitant relation is 

(^(a';xi,X2,.. .,x'„) = M''0(a;xi,X2,...,x„). (26) 
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An equation such as (25) will be called the invariant relation corresponding to 
the invariant (f>. 

1.2.11 Analytical definition. 

^ We shall give a proof in Chapter II that no essential particularization of the 
above definition of an invariant of a binary form / is imposed by assuming 
that (j) is homogeneous both in the a's and in the x's. Assuming this, we define 
a concomitant </) of / as follows: 

(1) Let (/) be a function of the coefficients and variables of /, and (p' the same 
function of the coefficients and variables of /' . Assume that it is a function such 
that 

/"i^T- +/"2^T- = 0, Ai- hA2^ — = 0. (27) 

(2) Assume that (jJ is homogeneous in the sets Ai, A2; /ii, 112 and of order k 
in each. 

Then (j) is called a concomitant of /. 

We proceed to prove that this definition is equivalent to the empirical defi- 
nition above. 

Since 4>' is homogeneous in the way stated, we have by Euler's theorem and 
(1) above 

where k is the order of (jJ in Ai, A2. Solving these, 

9't>' _ , ,,, ,-1 d4>' _ , ,,, ,1 



Hence 



= fc/^2 0'(A^) , T— = -knicf)' {Xji) 
aXi 0X2 



^T-dAi + ■WT-d\2 = {Xiiy^k(f)'{ji2d\i - ii\dX2). 



Separating the variables and integrating we have 

where C is the constant of integration. To determine C, let T be particularized 
to 

Xl = x[, X2 = x'2. 

Then a'^ = ai{i = 0,1,2, ••• ,m), and <f>' = (f>. Also (A/i) = 1. Hence by 
substitution 

</.' = (Am)'=0, 



■"■The idea of an analytical definition of invariants is due to Cayley. Introductory Memoir 
upon Quantics. Works, Vol. II. 
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and this is the same as (25) . If we proceed from 

we arrive at the same result. Hence the two definitions are equivalent. 

1.2.12 Annihilators. 

We shall now need to refer back to Paragraph IV (23i) and Section 1 (10) and 
observe that 

Hence the operator (/Ug^) applied to (/)', regarded as a function of Ai, A2, /ii, 1^2, 
has precisely the same effect as some other linear differential operator involving 
only a[{i = 0, ■ ■ ■ , m) and Xj, X2, which would have the effect (29) when applied 
to (/)' regarded as a function of a'^, x'^^ x'2 alone. Such an operator exists. In fact 
we can see by empirical considerations that 

is such an operator. We can also derive this operator by an easy analytical 
procedure. For, 

9 \ ,, dcj)' f da'n\ dcj)' ( dd.\ 90' / (9a' \ 90' / dx'^ 

^9aJ ^ = a^ l^ aA j+9^ l^ aXJ+---+5< ^^j+a^ ^ aT 

or, by (29) 

In the same manner we can derive from (Ag-)(/)' = 0, 

(292) 
The operators (29i), (292) are called annihilators (Sylvester). Since is the 
same function of ai, X1X2, that 0' is of a^, x'^ x'2 we have, by dropping primes, 
the result: 

Theorem. A set of necessary and sufficient conditions that a homogeneous 
function, 0, of the coefficients and variables of a binary form f should be a 
concomitant is 

o-xi^]cf> = o, (n-x2j^]ci) = o. 

0x2 J \ oxi J 
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In the case of invariants these conditions reduce to 0(j) = 0, Q(j) = 0. These 
operators are here written again, for reference, and in the un-primed variables: 

^ 9 , _,, 9 d 
O = mai- h (m- l)a2^ 1 ha^^r , 

9 9 9 

il = ao h 2ai 1 h mam-i ^ • 

clai oa2 clam 

A simple illustration is obtainable in connection with the invariant 
Di = a(ja2 — a^ (Section 1, III). 

Here m = 2: 

9 9 9 9 

il = aoT\ l-2ai- — , = 2ai- \- a2^ — . 

aai 002 9ao oai 

QDi = —2aoai + 2aoai = 0, ODi = 2aia2 — 2aia2 = 0. 

It will be noted that this method furnishes a convenient means of checking the 
work of computing any invariant. 

1.3 Special Invariant Formations 

We now prove the invariancy of certain types of functions of frequent occurrence 
in the algebraic theory of quantics. 



1.3.1 Jacobians. 

Let /i, /2, • • • , /n be n homogeneous forms in n variables xi,X2, ■ ■ ■ ,x„ 
determinant, 

JlXi 7 JlX2 1 ' ' ' 7 JlXn 

f2xi 7 f2x2 7 • • • 7 /2a: 



J = 



Jnx\ 1 In 



In 



The 



(30) 



in which fix-^ = g^, etc., is the functional determinant, or Jacobian of the n 
forms. We prove that J is invariant when the forms fi are transformed by (23), 
i.e. by 

Xi = Xix[ + fiix'2 -\ h ffix'^{i = 1,2, • • • ,n). (31) 

To do this we construct the Jacobian J' of the transformed quantic /'■ . We have 
from (31), 

9/^ _ df'j 9x1 , 9/^. 9x2 , , df'^ 9x„ 

9xo 



9x1 9x9 9x2 9x9 



CJX'ri C/Xn 



But by virtue of the transformations (31) we have in all cases, identically, 

/;. = /,(j=l,2,...,n). (32) 
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dfi 



dfj 



dfj 



oxo oxi 0x2 



tJ-n 



dXr, 



(33) 



and we obtain similar formulas for the derivatives of /'■ with respect to the other 
variables. Therefore 



J' = 



^iflxi + Mf\x2 + • • • + ^nhx„, l^lflxi + f^2hx2 + • • • + /^n/lx„, 
^ifnxi + ^2fnx2 + ' ' ' + ^nfnXn, l^lfnxi + fJ'2fnX2 + ' ' ' + IJ-nfnx„i 



(1.1) 

But this form of J' corresponds exactly with the formula for the product of 
two nth order determinants, one of which is J and the other the modulus M . 
Hence 

J' = (A/i ■■■a)J, 

and J is a concomitant. It will be observed that the covariant C in Paragraph 
V of Section 1 is the Jacobian of / and 0. 

1.3.2 Hessians. 

If / is an n-ary form, the determinant 



H = 



JxiXi-) J X 1X21 

Jx2Xi •) JX2X2-! 

JxnXi ) JxnX2 1 



JxiXn 
Jx2Xn 

JxnXjj 



(34) 



is called the Hessian of /. That H possesses the invariant property we may 
prove as follows: Multiply H hy M = (Xjiv ■ • -o"), and make use of (33). This 
gives 



MH 



Ai //I 
A2 M2 



^n }-^n 



0"! 

0-2 





d df 

dx'. dxi ' 


9 df 
dx'n dxi^ 


a a/ 

' dx' dxi 


H = 


d df 

dx'-^ 8x2 ' 


d df 

dxi, 0x2 ' 


a df 

' dx'^ 8x2 




a df 

dx[ dx„ ' 


9 df 

dx'2 dXn ' 


a df 

■ ' dx'^ ax„ 



Replacing / by /' as in (32) and writing 

d df _ d df 
dx[ dx\ dx\ dx[ ' 

we have, after multiplying again by M, 



etc.. 



M^H = 



f , , f , , 

f , , 



•f x\x 



f, , f , 

•> x\x'^'> •> x^ 



f, , 
f, , 

■ ' "> x'^x'^ 
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that is to say, 

H' = {\iiv---afH, 

and H is a concomitant of /. 

It is customary, and avoids extraneous numerical factors, to define tfie Hes- 
sian as tfie above determinant divided by ^m" x (m — 1)". Tfius tfie Hessian 
covariant of the binary cubic form 

/ = aoXi + 3aiXiX2 + 302X1X2 + 03X2, 

is2 



aoxi + aix + 2, aixi + 02X2 
OlXl + 02X2, 02X1 + 03X2 



A =2 

=2(aoa2 — ai)xi + 2(aoa3 — aia2)xiX2 + 2(aia3 — a2)x2. (35) 



1.3.3 Binary resultants. 

Let /, (j) be two binary forms of respective orders, m, n; 



/ = aoxT + maix™-ix2 + • • • + a„x^ = l[{4''^xi - r^^'^x^), 



(j) = 6ox" + nbix'l 1x2 + • • • + &«a;2 = H^'^s^^^i ~ •^i^^^s)- 

j=i 
It will be well known to students of the higher algebra that the following sym- 
metric function of the roots (rj* , rj ), (sj , Sj ), -R(/, 4>) is called the resultant 
of / and (j). Its vanishing is a necessary and sufficient condition in order that / 
and should have a common root. 

n m 

R{f.^ = \]J\{r^^^^-^^)- (36) 

To prove that i? is a simultaneous invariant of / and 4> it will be sufficient to 
recall that the roots (ri,r2), (si,S2) are cogredient to xi, X2. Hence when /, (/) 
are each transformed by T, R undergoes the transformation 

(AM)r« = Airf ) + ^,W^ , (A/.)r« = A2r;« + /.2rf \ 
(A/.)4^') = Ais'/^') + ^,,4'\ {\^i)sf = \2.4'^ + ,,24'\ 

in which, owing to homogeneity the factors (A^) on the left may be disregarded. 
But under these substitutions. 



■^Throughout this book the notation for particular algebraical concomitants is that of Cleb- 
sch. 
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i?'(/',<A') = (AM)""^(/,<?'), 



which proves the invariancy of the resultant. 

The most famihar and elegant method of expressing the resultant of two 
forms /, (f> in terms of the coefficients of the forms is by Sylvester's dialytic 
method of elimination. We multiply / by the n quantities x"^ ,a;"^ X2,...,X2^ 
in succession, and obtain 



aoXi 



m-\-n—2 



1-2, 



n—l^m 



X2 'T' ... 'T' ^^G^Tn— 1^1 ^2 ' ^m^\ ^2 ? 



(37) 



aox™X2 ^ + ... + ma™_ixix™+" ^ + a„x™+" ^ 

Likewise if we multiply (f) by the succession x™^ 
the array 



1 •''27 •••7 •''2 



™ ^ we have 



6oxr+""' + n6ixr+""'x2 + ... + 6„x™-ix^, 



m+n— 2 



;, TO+ii-l 



hoX^X^ + ... + nbn-lXiX™ T UnJ-2 

The eliminant of these two arrays is the resultant of / and (/), viz. 



(38) 



RUA) = 







ho 




mai 



nbi 
bo nbi 



am 0, 

mam-i am , 















A particular case of a resultant is shown in the next paragraph. The degree of 
i?(/, 4>) in the coefficients of the two forms is evidently 7n-\- n. 



1.3.4 Discriminant of a binary form. 

The discriminant D of a binary form / is that function of its coefficients which 
when equated to zero furnishes a necessary and sufficient condition in order that 
/ = may have a double root. Let 

/ = fixi,X2) = aox™ + maix™^"^a;2 H h a„x™, 

and let fxi{xi,X2) = g^, fx2{xiiX2) = q^- Then, as is well known, a common 
dl_ 

dxi 

df\ df 



root of / = 0, TT^ = is a double root of / = and conversely. Also 



2^2 ( "^/ ~ ^1" 



dxi J dx2 
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hence a double root of f = is a common root of f = 0, a^- = 0, -^J- = 0, 
and conversely; or D is equal either to the eliminant of / and g^, or to that 
of / and -gJ-. Let the roots of /^^^ (xi, X2) = be (s^* , Sj )(i = 1, • • • , ^ri — 1), 

those of fx{xi,X2) = 0, (^1 ,^2 )(* = Ij ' ' ' J "^ ~ 1); ^-nd those of / = be 
(rj^'^ 4^'^)(j = 1, 2, • • • , m). Then 



^ 



^ 



Now Of{xi,X2) = xig^,Qf{xi,X2) = X2-Q^, where and Q are the annihila- 
tors of Section 2, XII. Hence 

od = j: t^hx2 (4^\ 4^ V(4^\ 4^^) • • • Ki^r'\t^r'^) - o, 

Thus the discriminant satisfies the two differential equations OD = O, QD = 
and is an invariant. Its degree is 2(to — 1). 

An example of a discriminant is the following for the binary cubic /, taken 
as the resultant of -rv^-, -rJ-: 

OX\ ' 0x2 



-R = 



ao 2a\ a2 

ao 2ai 02 

ai 2a2 03 

fli 2a2 03 

= (aoa3 - 0102)^ - 4(aoa2 - al){aia3 - aj). 



(39) 



1.3.5 Universal covariants. 

Corresponding to a given group of linear transformations there is a class of 
invariant formations which involve the variables only. These are called universal 
covariants of the group. If the group is the infinite group generated by the 
transformations T in the binary case, a universal covariant is 

d= (xy) = xiy2 - X2yi, 

where (y) is cogredient to (x). This follows from 



Xix'i + IJ.1X2, A2X1 + ^22:2 



(A/.)(xV). 



(40) 



If the group is the finite group modulo p, given by the transformations Tp, then 
since x^, x^ are cogredient to xi, 0:2, we have immediately, from the above result 
for d, the fact that 

L = x\x2 — X1X2 (41) 
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is a universal covariant of this modular group. ^ 

Another group of linear transformations, which is of consequence in geome- 
try, is given by the well-known transformations of coordinate axes from a pair 
inclined at an angle w to a pair inclined at an angle iv' = (3 — a, viz. 

sin{uj — a) , sinito — [3) , 

smto smto 

sina I sinj3 , 

X2 = —. X-, -\ : Xn. (42) 

smcij smto 

Under this group the quadratic, 

x^ -\- 2xiX2Cosuj -\- X2 (43) 

is a universal covariant.^ 



^Dickson, Transactions Anier. Math. Society, vol. 12 (1911) 
■^Study, Leipz. Ber. vol. 40 (1897). 



Chapter 2 

PROPERTIES OF 
INVARIANTS 



2.1 Homogeneity of a Binary Concomitant 

2.1.1 Homogeneity. 

A binary form of order m 

f = aox™ + ■maix™^^X2 H h flmX™, 

is an (m + l)-ary-binary function, of degree-order (1, m). A concomitant of / is 
an {m + l)-ary-binary function of degree-order {i,uj). Thus the Hessian of the 
binary cubic (Chap. I, §3, II), 

A = 2(aoa2 — ai)xi + 2(0003 — aia2)xiX2 + 2(0103 — 02)^2, (44) 

is a quaternary-binary function of degree-order (2, 2). Likewise / + A is 
quaternary-binary of degree-order (2, 3), but non-homogeneous. 

An invariant function of degree-order (i, 0) is an invariant of /. If the degree- 
order is {0,Lo), the function is a universal covariant (Chap. I, §3, V). Thus 
0202 — a1 of degree-order (2, 0) is an invariant of the binary quadratic under T, 
whereas x^X2 — X1X2 of degree-order (0,j)+ 1) is a universal modular covariant 
of Tp. 

Theorem. IfC = (oq, oi, • • • , Om)*(xi, X2)'^ is a concomitant of f = (oq, • • • , am){xi, 2:2)™, 
its theory as an invariant function loses no generality if we assume that it is 
homogeneous both as regards the variables xi, X2 and the variables oq, • • • , o^. 

Assume for instance that it is non- homogeneous as to xi , X2 . Then it must 
equal a sum of functions which are separately homogeneous in xi,a;2. Suppose 

C=Ci + C2 + --- + Cs, 
37 
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where Cj = (ao,ai,--- ,am)i'{xi,X2)ujj (j = 1, 2, • • • , s) i' < i. Suppose now 
that we wish to verify the covariancy of C, directly. We will have 

C = {a'o,a[, ■ ■ ■ ,a'J\x[,x',r = (Am)*C7, (45) 

in which relation we have an identity if a^ is expressed as the appropriate linear 
expression in oq, • • • , «„ and the x'^ as the linear expression in xi,X2, of Chapter 
I, Section 1 (10). But we can have 

identically in xi , X2 only provided 

C'^ = {\f^)''C, ij =!,■■■, s). 

Hence Cj is itself a concomitant, and since it is homogeneous as to xi,X2, no 
generality will be lost by assuming all invariant functions C homogeneous in 

Xl,X2. 

Next assume C to be homogeneous in xi, X2 but not in the variables oq, ai, • • • , a„ 
Then 

C=Ti + T2 + --- + T^, 

where Ti is homogeneous both in the a's and in the x's. Then the above process 
of verification leads to the fact that 

and hence C may be assumed homogeneous both as to the a's and the x's; which 
was to be proved. The proof applies equally well to the cases of invariants, 
covariants, and universal covariants. 



2.2 Index, Order, Degree, Weight 

In a covariant relation such as (45) above, fc, the power of the modulus in the 
relation, shall be called the index of the concomitant. The numbers «, u; are 
respectively the degree and the order of C. 

2.2.1 Definition. 

Let r = aQafa2 ■ ■ ■ a^x'^x'^ ^ be any monomial expression in the coefficients and 
variables of a binary m-ic /. The degree of t is of course i = p+q + r + ---+v. 
The number 

w = q + 2r + Ss + ■ ■ ■ + mv + fj, (46) 

is called the weight of t. It equals the sum of all of the subscripts of the letters 
forming factors of r excluding the factors X2. Thus 03 is of weight 3; 000^04 of 
weight 6; 0^04x^X2 of weight 9. Any polynomial whose terms are of the type 
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T and all of the same weight is said to be an isoharic polynomial. We can, by 
a method now to be described, prove a series of facts concerning the numbers 
Lo, i, k, w. 

Consider the form / and a corresponding concomitant relation 

C = (a'o,a'i,--- ,a'^y{x'^,x'2Y = (A^)'=(ao, ai, • • • ,a^y {xi,X2Y. (47) 

This relation holds true when / is transformed by any linear transformation 



T 



xi = Aix'i + IJ.ix'2, 

X2 = A2X'^ + /U2X2. 



It will, therefore, certainly hold true when / is transformed by any particular 
case of T . It is by means of such particular transformations that a number of 
facts will now be proved. 

2.2.2 Theorem on the index. 

Theorem. The index k, order lo, and degree i of C .satisfy the relation 

k = -{im- uj). (48) 

And this relation is true of invariants, i.e. (4-8) holds true when u; = 0. 
To prove this we transform 

/ = aox™ + maix'^^^X2 H h a^a;™, 

by the following special case of T: 

xi = Xx'i , X2 = Ax2 
The modulus is now A^, and a'- = X™aj{j = 0, • • • ,m). Hence from (47), 

(A™ao, A™ai, • • • , \"'amy{X-'xi,\-^X2r = ^'"'{ao.ai, ■■■ , a™)Xxi, X2)'". 

(49) 
But the concomitant C is homogeneous. Hence, since the degree-order is {i,uj), 

A^™-'^(ao, • • • , a^y{xi,X2r = A''(ao, • • • , a™)Xxi,X2)" 

Hence 

2K = im — LO. 

2.2.3 Theorem on weight. 

Theorem. Every concomitant C of f is isoharic and the weight is given by 

w= -{im + lo), (50) 

where {i,Lo) is the degree-order of C , and m the order of f . The relation is true 
for invariants, i.e. if lo = 0. 
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In proof we transform / by the special transformation 

xi = Xi,X2 = Xx2. (51) 

Then the modulus is A, and a'- = \^ai{j = 0, 2, • • • , ni). Let 

p q r ^ uj—^ 

7" — Q/nCL-t Cl'2 ' ' ' X-i Xn 

be any term of C and t' the corresponding term of C", the transformed of C by 
(51). Then by (47), 

r' = A«+2'-+-+^--aPa?a^ • • • xf^r'' = AV. 

Thus 

w — uj = k = -{ini — a;), 
or 

w = -yim -\- io). 

COROLLARY 1. The weight of an invariant equals its index, 

w = k = -ini. 

COROLLARY 2. The degree-order {i,uj) of a concomitant C cannot consist 
of an even number and an odd number except when m is even. Then i may be 
odd and uj even. But if ni is even uj cannot be odd. 

These corollaries follow directly from (48), (50). 

As an illustration, if C is the Hessian of a cubic, (44), we have 

i = 2,uj = 2,m = 2>, 
«;=i(2.3 + 2) = 4, 

fc= -(2-3-2) = 2. 

These facts are otherwise evident (cf. (44), and Chap. I, Section 3, II). 
COROLLARY 3. The index k of any concomitant of / is a positive integer. 
For we have 

w — LO = k, 

and evidently the integer w is positive and to ^ w. 

2.3 Simultaneous Concomitants 

We have verified the invariancy of two simultaneous concomitants. These are 
the bilinear invariants of two quadratics (Chap. I, Section 1, IV), 

il) = aox 1 + 2aiXiX2 + a2X 2, 
(j) = box'^i + 261X1X2 + 62x^2, 
viz. h = 00^2 — 2ai6i + 0269, 
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and the Jacobian C oi tjj and (j) (cf. (8)). For another illustration we may 
introduce the Jacobian of (f> and the Hessian, A, of a binary cubic /. This is 
(cf. (44)) 

J^,A = [bo{aoa3 - aia2) -2bi{aoa2 - a'^i)]x'^i 
+ 2[bo{aia3 - 0^2) - ^2(0002 - a'^i)]xiX2 
+ [2bi{aia3 - 0^2) - ^2(000.3 - aia2)]x'^2, 

and it may be verified as a concomitant of (/) and 

/ = aox^i + .... 

The degree-order of J is (3, 2). This might be written (1 + 2, 2), where by the 
sum 1 + 2 we indicate that J is of partial degree 1 in the coefficients of the first 
form 4> and of partial degree 2 in the coefficients of the second form /. 

2.3.1 Theorem on index and weight. 

Theorem. Let f,(j},il),--- be a set of binary forms of respective orders mi, TO2, ?7i3, 
Let C be a .simultaneous concomitant of these forms of degree-order 

(il + i2 + h^ -.i^) 

Then the index and the weight of C are connected with the numbers m, i, uj by 
the relations 

and these relations hold true for invariants (i.e. when to = Q). 

The method of proof is similar to that employed in the proofs of the theorems 
in Section 2. We shall prove in detail the second formula only. Let 

/ = aoxi 1 H , (p= box-i - H , ^ = cox-^ ^ -\ , • • • . 

Then a term of C will be of the form 

r = al'al'a?,^ ■ ■ ■ bfb\^bl^ ■ ■ ■ x'^x^^''. 

Let the forms be transformed by xi = Xi,X2 = Ax2. Then a'- = \^aj,b'- = 
X^bj, ■ ■ ■ {j = 0, • • • ,mi), and if t' is the term corresponding to r in the trans- 
formed of C by this particular transformation, we have 

.J-' _ ^ri+2siH |-I•2 + 2s2^ hii-uj^ _ ^k^ 

Hence 



..^(j:,™, 
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which proves the theorem. 

We have for the three simultaneous concomitants mentioned above; from 
formulas (52) 

h C J 

w = 2 w = S w = 5 

2.4 Symmetry. Fundamental Existence Theo- 
rem 

We have shown that the binary cubic form has an invariant, its discriminant, of 
degree 4, and weight 6. This is (cf. (39)) 

-R = -(aoas - aia2)^ + 4(aoa2 - af)(aia3 - aj). 

2.4.1 Symmetry. 

We may note concerning it that it is unaltered by the substitution (ooai)(aia2). 
This fact is a case of a general property of concomitants of a binary form of order 
m. Let / = aox™ + • • • ; and let C be a concomitant, the invariant relation being 

C = (a'o, a[, . . . , a'J\x[,x'2r = (A/^)'^(ao, • • • , a^y{xi,X2r. 
Let the transformation T of / be particularized to 

X'^ — tCo . X'2 — X -I . 

The modulus is —1. Then a'j = am-j, and 

C = {am,am-i,---,aoy{x2,xi)'^ = (-l)''(ao, . . . , a™)Xa;i, X2)'^. (53) 

That is; any concomitant of even index is unchanged when the interchanges 
{aoam){aiam-i) • • • (a;ia;2) are made, and if the index be odd, the concomitant 
changes only in sign. On account of this property a concomitant of odd index is 
called a skew concomitant. There exist no skew invariants for forms of the first 
four orders 1, 2, 3, 4. Indeed the simplest skew invariant of the quintic is quite 
complicated, it being of degree 18 and weight 45 ^ (Hermite). The simplest 
skew covariant of a lower form is the covariant T of a quartic of (125) (Chap. 
IV, §1). 

We shall now close this chapter by proving a theorem that shows that the 
number of concomitants of a form is infinite. We state this fundamental exis- 
tence theorem of the subject as follows: 

Theorem. Every concomitant K of a covariant C of a binary form f is a 
concomitant of f . 



^Faa di Bruno, Walter. Theorie der Binaren Formen, p. 320. 
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That this theorem estabhshes the existence of an infinite number of con- 
comitants of / is clear. In fact if / is a binary quartic, its Hessian covariant 
H (Chap. I, §3) is also a quartic. The Hessian of H is again a quartic, and is 
a concomitant of / by the present theorem. Thus, simply by taking successive 
Hessians we can obtain an infinite number of covariants of /, all of the fourth 
order. Similar considerations hold true for other forms. 

In proof of the theorem we have 

/ = aoxT + ■■■ , 

C = (ao, • • • ,am)'(xi,X2)" = CQxf + ujcix'^^^X2 H , 

where Ci is of degree i in ao, • • • , «„. 

Now let / be transformed by T. Then we can show that this operation 
induces a linear transformation of C, and precisely T . In other words when / 
is transformed, then C is transformed by the same transformation. For when / 
is transformed into /', C goes into 

C = (A/x)'=(co< + ujcix'^-^X2 + ■■■). 

But when C is transformed directly by T, it goes into a form which equals C 
itself by virtue of the equations of transformation. Hence the form C, induced by 
transforming /, is identical with that obtained by transforming C by T directly, 
save for the factor (A/i) . Thus by transformation of either / or C, 

c'oxf + ujd^x^-^x'2 + ■■■ = [X^fcQxX + uj{\iJLfcix'^-^X2 + ■■■ (54) 

is an equality holding true by virtue of the equations of transformation. Now 
an invariant relation for K is formed by forming an invariant function from 
the coefficients and variables of the left-hand side of (54) and placing it equal 
to (A^) times the same function of the coefficients and the variables of the 
right-hand side, 

K' = (c'o,...,oXx;,4)^ 
= {\iJi)''{{Xiifco, ..., {\ii)''c^y{xi,x2y. 

But K' is homogeneous and of degree-order (i, e). Hence 

K' = (c'o, . . . , c'j^{x[,x'2y = {xi^y'+^ico, ..., c^yixi,x2y (55) 
= {XiJ.y''+^K. 

Now c'- is the same function of the Og, . . . , a'^ that Cj is of ag, . . . , a™. When 
the c"s and c's in (55) are replaced by their values in terms of the a's, we have 

K' = K, • . .,a'J^{x[,x',y = (AM)''=+^[ao, . . . ,a^fix,,X2y (56) 

= {Xiiy''+^K. 

where, of course, [ag, . . . ,amY''{xi,X2y considered as a function, is different 
from (ao, . . . , am)"(a;i, 2:2)^. But (56) is a covariant relation for a covariant of 
/. This proves the theorem. 
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The proof holds true mutatis mutandis for concomitants of an n-ary form 
and for simultaneous concomitants. 
The index of K is 

p= i- -(im-uj} + -(ioj-e) 

= -{iim-e), 



and its weight, 



1.- 
w = —yiim -\- e). 



Illustration. If / is a binary cubic, 

/ = aijXi + 'iaiXiX2 + 802X1X2 + 0,2X2, 

then its Hessian, 

A = 2[(aoa2 - a\)x\ + (aofls - aia2)xiX2 + (0103 - o\)x\], 

is a covariant of /. The Hessian 2R of A is the discriminant of A, and it is also 
twice the discriminant of /, 

2R = 4[-(aoa3 - 0102)^ + 4(aoa2 - a\){aia2 — flj)]. 



Chapter 3 

THE PROCESSES OF 
INVARIANT THEORY 

3.1 Invariant Operators 

We have proved in Chapter II that the system of invariants and covariants of 
a form or set of forms is infinite. But up to the present we have demonstrated 
no methods whereby the members of such a system may be found. The only 
methods of this nature which we have estabhshed are those given in Section 
3 of Chapter I on special invariant formations, and these are of very limited 
application. We shall treat in this chapter the standard known processes for 
finding the most important concomitants of a system of quantics. 

3.1.1 Polars. 

In Section 2 of Chapter I some use was made of the operations Ai g^ — hA2 g^, fii g^ 

/i2 QY' ■ Such operators may be extensively employed in the construction of in- 
variant formations. They are called polar operators. 



Theorem. Let f = agx™ + • • • be an n-ary quantic in the variables xi, ■ ■ ■ ,x„ 
and <j) a concomitant of f , the corresponding invariant relation being 

0' = (a'o,---r(a;'i,...,<r 

(57) 
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It will be sufficient to prove that 

the theorem will then follow directly by the definition of a covariant. On account 
of cogrediency we have 

Vi = Ky'\ + li.iy'2 H V f^iVni^ = 1, • • • , f^)■ (59) 



He 



d d dxi d dx2 d 9x„ 

dx[ dxi dx[ dx2 dx[ 9x„ dx[ 

d d d \ ^ 

-7—r = Ai- h \2T, !-••• + A„- — , 

OX\ ox I 0X2 OXn 

d d d d 

cxo L/ju\ L/dj'2 ^'*^n 



d d d d 

ox' axi 0x2 OXn 



Therefore 



do 

d 

+ — \- {Ky'i + i^ny'2 H y- o-«y«) ^ — 

d d 

= yi-^ \ hy„^ — . 

axi OXn 

Hence (58) follows immediately when we operate upon (57) by 

^l) - i4.) ■ (») 

The function {y-Q^)(f> is called the first polar covariant of </), or simply the first 
polar of (f>. It is convenient, however, and avoids adventitious numerical factors, 
to define as the polar of cf) the expression {y-£-)(j) times a numerical factor. We 
give this more explicit definition in connection with polars of / itself without 
loss of generality. Let / be of order m. Then 

the right-hand side being merely an abbreviation of the left-hand side, is called 
the rth y-polar of /. It is an absolute covariant of / by (60). 
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For illustration, the first polars of 

/ = aoXi + 'ia\XiX2 + 'ia2XiX2 + 0,3X2: 

9 = a20oxl + 2aiioXiX2 + 00202:2 + 2aioiXiX3 + 20011X2X3 + aoo2x|, 

are, respectively, 

fy = {aoxj + 2aiXiX2 + 02X2)2/1 + (aixf + 202X1X2 + 03X2)2/2, 
Qy = (O200a;i + O110X2 + 0101X3)2/1 + (oiioXi + 0020X2 + 0011X3)2/2 
+ (oioixi + 0011x2 + 0002X3)2/3. 

Also, 

fy2 = (002/1 + 2ai2/i2/2 + 022/2)xi + (012/1 + 2o2yi2/2 + 032/2)x2. 

If 2/ = is the conic C of the adjoining figure, and (y) = (2/1,2/2,2/3) is the 
point P, then (/y = is the chord of contact AB, and is called the polar line of 
P and the conic. If P is within the conic, Qy = joins the imaginary points of 
contact of the tangents to C from P. 



We now restrict the discussion in the remainder of this chapter to binary 
forms. 

We note that if the variables (y) be replaced by the variables (x) in any polar 
of a form f the result is f itself i.e. the original polarized form. This follows 
by Euler's theorem on homogeneous functions, since 

In connection with the theorem on the transformed form of Chapter I, Sec- 
tion 2, we may observe that the coefficients of the transformed form, are given 
by the polar formulas 

«o = /(^i,'^2) = /o-Oi = /o^,02 = /o^2,...,a„ = /o^™. (63) 
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The rth y-polar of / is a doubly binary form in the sets (j/i, j/2), (a^i, 2:2) of 
degree-order (r, m — r). We may however polarize a number of times as to (y) 
and then a number of times as to another cogredient set (z); 



_ {m - r)\{m - r - s)\ /' c^VA d 
^ ^^ ml{m — r)l \ dx J \ dx , 



(64) 



This result is a function of three cogredient sets (x) , (y) , (z) . 

Since the polar operator is a linear differential operator, it is evident that 
the polar of a sum of a number of forms equals the sum of the polars of these 
forms, 

3.1.2 The polar of a product. 

We now develop a very important formula giving the polar of the product of 
two binary forms in terms of polars of the two forms. 

If F{xi,X2) is any binary form in xi,X2 of order M and (y) is cogredient to 
(x), we have by Taylor's theorem, k being any parameter. 



F{xi + kyi,X2 + ky2) 



= F 



[M 
( 1 )^y 



M\ 



F,,k+ {'-^JFy2k^ 



:o 



K.F 



(65) 



Let F = f(xi,X2)4>{xi,X2), the product of two binary forms of respective orders 
m, n. Then the rth polar of this product will be the coefficient of fc'" in the 
expansion of 



f{xi + kyi,X2 + ky2) x 0(xi + fcyi,X2 + ^2/2), 



divided by (™+" ) ^ by (65) . But this expansion equals 



n\ . , n In 



fyrk^ + 



+ [^]ct>y2k' + ...+ [j^yrk- + 



Hence by direct multiplication. 



/0 



1 



("+") 



/ Vr 



f^y 



m\ I n 

ly U- 



Afy't'v^'- 



(f)yk 



1 +...+ 



To I/.- 



f<P 



1 '■ 
— V 

i+n\ / J 
r I s=0 



m\ n 



lys^yr 



(66) 
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This is the required formula. 

The sum of the coefficients in the polar of a product is unity. This follows 
from the fact (cf. (62)) that if (y) goes into (x) in the polar of a product it 
becomes the original polarized form. 

An illustration of formula (66) is the following: 

Let / = aoxf + . . ., (f) = box'f + . . .. Then 



/</> 



1 
20 



'M>^Ht)>*'Ht)>'' 



= ^fy^4>+ ■^fy^4>y + ^fv<i>v^ 



3.1.3 Aronhold's polars. 

The coefficients of the transformed binary form are given by 
a'r = fii^ (Ai, A2) (r = 0, . . . , m) . 

These are the linear transformations of the induced group (Chap. I, §2). Let (/) 
be a second binary form of the same order as /, 

<t) = 60X™ + m6ia;"""^X2 + . . . . 

Let (j) be transformed by T into (f>' . Then 

K = <^u-(Ai, A2). 

Hence the set bg, bi, ■ ■ ■ , b^n ^s cogredient to the set ag, ai, • • • , a„, under the 
induced group. It follows immediately by the theory of Paragraph I that 

b'^)^b''+... + b' ' 



da' J ~ °9a'o ™9a'„ 

= b,— + --- + b^^—^[b—]. (67) 

aoo oam \ aaj 

That is, {b4-^ is an invariant operation. It is called the Aronhold operator but 
was first discovered by Boole in 1841. Operated upon any concomitant of / it 
gives a simultaneous concomitant of / and (j). If ?7i = 2, let 

/ = 0002 — Oi. 

Then 

d\ f d d d \ 

b^r- ] I = \ bo^ h bi- h 62 t; — / = 0962 - 2oi6i + 0260- 

oaj \ ouq oai oa2 J 

This is h (Chap. I, §1). Also 

K^£) ^ = 4(^062-6?), 
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the discriminant of (f). In general, if ip is any concomitant of /, 

^' = {a'o: • • • ) am)*(a;i, 4)'^ = (V)''(ao, • • • , am)*(a;i, X2)'^, 

then 

(6'|,)V^(A.r(^|^)^^(r^0,l,...,i) (68) 

are concomitants of / and (f>. When r = i, the concomitant is 

x= {bo,--- ,b^y{xi,X2)'^. 

The other concomitants of the series, which we cah a series of Aronhold's polars 
of ijj, are said to be intermediate to tp and x, and of the same type as ip. The 
theory of types will be referred to in the sequel. 

All concomitants of a series of Aronhold's polars have the same index k. 

Thus the following series has the index fc = 2, as may be verified by applying 
(52) of Section 3, Chapter II to each form (/ = aoxf + • • • ; = boxf + •••): 



H = (aoa2 — ai)xi + (00^3 — ai 02)^1X2 + (0103 — 02)^21 

b—- H = (0062 - 2ai6i + a2bQ)x\ + (00^3 + 0369 - ai&2 - a2bi)xiX2 
oaj 

+ (0163 - 20262 + a^bi)x\, 

1 / \ ^ 

2 Vlh) ^ " ^^°^^ ~ ^^^"^^ ^ ^^°^^ ~ ^i^2)a;iX2 + (6163 - bl)xl. 

3.1.4 Modular polars. 

Under the group Tp, we have shown, x^,X2 are cogredient to a;i,X2. Hence the 
polar operation 

applied to any algebraic form /, or covariant of /, gives a formal modular 
concomitant of /. Thus if 

/ = aQX^ + 201X1X2 + 022:2, 

then, 

-5^f = ooxf + ai(x^X2 + X1X2) + 02X2- 

This is a covariant of / modulo 3, as has been verified in Chapter I, Sec- 
tion 1. Under the induced modular group aQ,Xj',--- , oj^ will be cogredient 
to oo , oi , • • • , Om . Hence we have the modular Aronhold operator 
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If TO = 2, and 

D = aoa2 — a^, 

then 

dpD = 0002 ~ 2a^ + 0002 (mod p). 

This is a formal modular invariant modulo p. It is not an algebraic invariant; 
that is, not invariantive under the group generated by the transformations T. 
We may note in addition that the line 

I = OqXi + O1X2 + O2X3 

has among its covariants modulo 2, the line and the conic 

d2l = OqXi + a^X2 + O2X3, 
S2I = aoXi + 01X2 + 02X3. 

3.1.5 Operators derived from the fundamental postulate. 

The fundamental postulate on cogrediency (Chap. I, §2) enables us to replace 
the variables in a concomitant by any set of elements cogredient to the variables, 
without disturbing the property of invariance. 

Theorem. Under the binary transformations T the differential operators g^, — g^ 
are cogredient to the variables. 

From T we have 



Hence 



d 
dx\ 


.9 ^ d 

= Ai^^ + A27^— , 
axi ax2 


d 
dx'2 


d d 
axi 0x2 


^'^^3x2 


^ d f d 

^'dx',+^'[ dx[ 


^'^hl 


^ a ( d 

^'dx',^'''\ dx[ 



This proves the theorem. 

It follows that if (/) = (oq, . . . , o„)*(a;i, ^2)'^ is any invariant function, i.e. a 
concomitant of a binary form /, then 

d^={ao,...,a^y^ — ,-—j (70) 

is an invariant operator (Boole). If this operator is operated upon any covariant 
of /, it gives a concomitant of /, and if operated upon a covariant of any set 
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of forms g, h, . . ., it gives a simultaneous concomitant of / and the set. This 
process is a remarkably prolific one and enables us to construct a great variety 
of invariants and covariants of a form or a set of forms. We shall illustrate it by 
means of several examples. 

Let / be the binary quartic and let <f> be the form / itself. Then 

d (9^ d'^ (9^ d^ 

d(p= df = ao—^ -4ai--3- \- ^0,2 ^ ^ - 4a3^ — ^-^ +04--^, 

0x2 OX2OX1 OX2OXI ax20x\ ox\ 



and 



— 5f ■ f = 2(aoa4 - Aaias + Soj) = i. 



This second degree invariant i represents the condition that the four roots of 
the quartic form a self-apolar range. If this process is applied in the case of a 
form of odd order, the result vanishes identically. 
If H is the Hessian of the quartic, then 



2^ 5^ ^' ^ 9^ 



And 



dH = {aoa2 - ai)^-^ - 2(aoa3 - 0402) y-j^ — 

+ (0004 + 2aia3 - 802) 202 ~ 2(aia4 - 0203)- — — -3 



T-zdH ■ f = 6(000204 + 2010203 — 00O3 — 02) = J. (^Oi) 



This third-degree invariant equated to zero gives the condition that the roots of 
the quartic form a harmonic range. 

If H is the Hessian of the binary cubic / and 

g = boxf + ..., 

then 

-dH ■ g = [60(0103 - aj) + 61(0102 - 00O3) + 62(0002 - al)]xi 
b 

+ [61(0103 - 02) + 62(0102 - 0003) + 63(0002 - o^)]x2; 
a linear covariant of the two cubics. 

Bilinear Invariants 

If / = oox™ + • • • is a binary form of order m and g = 60a;™ + • • • another of 
the same order, then 

1 / 7Ti\ I in \ 
— df ■ g = aobm - ( ^ joi6™_i H h (-1)''( \arbm-T H h (-l)™o™6o. 

(71) 
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This, the bilinear invariant of / and g, is the simplest joint invariant of the 
two forms. If it is equated to zero, it gives the condition that the two forms be 
apolar. li m = 2, the apolarity condition is the same as the condition that the 
two quadratics be harmonic conjugates (Chap. I, §1, IV). 

3.1.6 The fundamental operation called transvection. 

The most fundamental process of binary invariant theory is a differential oper- 
ation called transvection. In fact it will subsequently appear that all invariants 
and covariants of a form or a set of forms can be derived by this process. We 
proceed to explain the nature of the process. We first prove that the following 
operator Q is an invariant: 

a _d_ 

8X9 


dy2 



n 



dxi ■ 

a 



(72) 



where (y) is cogredient to (x). In fact by (70), 



n' 



Ai 



dxi 



\ 9 



+ -^2 7577: 






"M2gf^ 

"/^2«^ 



(AM)f^, 



which proves the statement. 

Evidently, to produce any result, f] must be applied to a doubly binary 
function. One such type of function is a y-polar of a binary form. But 

Theorem. The result of operating ^ upon any y-polar of a binary form f is 
zero. 

For, if / = aox™ + • • • , 



P 



(m — r)\ 

Qrj 



dxl 



fy 



Vi 



dx 



r-l 
Vl J/2 



QTJ 



dx\ dx2 



2/2 



i9xo 



Hence 



^P 



Vl 



.-1 5'-+V 



dx\dx2 



r-X d^+'f 



rVi 



dx\dx2 



.-1 d^+^f 



ry2 



dxidx2 



.-1 d^+^f 



V2 



dxidxo 



and this vanishes by cancellation. 

If Q is operated upon another type of doubly binary form, not a polar, as 
for instance upon fg, where / is a binary form in xi,X2 and g a binary form 
in j/i , j/2 7 the result will generally be a doubly binary invariant formation, not 
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DEFINITION. 

If f{x) = aox™ + • • • is a binary form in (x) of order m, and g{y) = 60?/" + • • • 
a binary form in (y) of order n, then if yi, j/2 be changed to a;i,X2 respectively 
in 

^"^"^^;^r'^' ^V(xMy), (73) 

mini 

after the differentiations have been performed, the result is called the rth 
transvectant (Cayley, 1846) of /(x) and g{x). This will be abbreviated {f,gY, 
following a well-established notation. We evidently have for a general formula 

a.)-- ^"^"^^;^r'^' E(-ir(;)ffgT-/^- (74) 

m\n\ ^ \oJ dx\ ox^ axfax2 

We give at present only a few illustrations. We note that the Jacobian of 
two binary forms is their first transvectant. Also the Hessian of a form / is its 
second transvectant. For 



H^ 2 

m 



^(m — 1)^ ^ ^ 

(| m-2) 2 



= (/,/)'• 



'(jxiXiJx2X2 ■^JXiXi ' JX2X2JX-i_Xx) 



As an example of multiple transvection we may write the following covariant 
of the cubic /: 

Q = (/, (/, /)')' = (ao«3 - 3aoaia2 + 2af)x3 
+ 3(aoaia3 — 2aoa2 + a^a2)x^X2 

— 3(000203 — 20]^ 03 + aia2)xiX2 

— (0903 — 3010203 + 202)^2 (741) 

If / and g are two forms of the same order m, then {f,g)™ is their bilinear 
invariant. By forming multiple transvections, as was done to obtain Q, we can 
evidently obtain an unlimited number of concomitants of a single form or of a 
set. 

3.2 The Aronhold Symbolism. Symbolical In- 
variant Processes 

3.2.1 Symbolical Representation. 

A binary form /, written in the notation of which 
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f = aox\ + 3aiXiX2 + 802X1X2 + 03X2 

is a particular case, bears a close formal resemblance to a power of linear form, 
here the third power. This resemblance becomes the more noteworthy when 
we observe that the derivative ^J- bears the same formal resemblance to the 
derivative of the third power of a linear form: 

df 

- — = 3(aox? + 2aiXiX2 + 02X9). 
oxi 

That is, it resembles three times the square of the linear form. When we study 
the question of how far this formal resemblance may be extended we are led to a 
completely new and strikingly concise formulation of the fundamental processes 
of binary invariant theory. Although / = oqx™ + • • • is not an exact power, we 
assume the privilege of placing it equal to the ?7ith power of a purely symbolical 
linear form aixi + a2X2 which we abbreviate a^. 

f = (aixi + a2X2)™ = a™ = aox" H . 

This may be done provided we assume that the only defined combinations of the 
symbols ai, q;2 7 that is, the only combinations which have any definite meaning, 
are the monomials of degree m in ai, a2', 

a-^ = oq, «! a2 = ao, ■ ■ ■ ,a2 = a^, 

and linear combinations of these. Thus a™ + 2q;™^ a2 nieans oq + 2a2. But of 
a™^ 0^2 is meaningless; an umbral expression (Sylvester). An expression of the 
second degree like aoag cannot then be represented in terms of a's alone, since 
a™ ■ a™^ 0:2 = Qf]^™^ 0:2 is undefined. To avoid this difficulty we give / a series 
of symbolical representations, 

/ = a™ = /?r = 7." • • • , 

wherein the symbols (ai, q;2)7 (Aj I32)i (tIj 72)7 ••• are said to be equivalent 
symbols as appertaining to the same form /. Then 

"i = Pi = 7i • • • = ao, "i "2 = Pi P2 = 7i 72 • • • = ai, • • • • 

Now a^a-j, becomes (a™/3™^ /Jf) and this is a defined combination of symbols. 
In general an expression of degree i in the a's will be represented by means 
of i equivalent symbol sets, the symbols of each set entering the symbolical 
expressions only to the mth degree; moreover there will be a series of (equivalent) 
symbolical representations of the same expression, as 

^ ^ ^^^/Q^^^3/o3 ^^^^,^^^3^8 /Qm^m—S^^S 

aofls = Qfi Pi P2 = "1 7i 72 = Pi 7i 72 = • • • • 
Thus the discriminant of 

f = a^ = 13^ = . . . = aoXi + 2aiXiX2 + 02X2 
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D = 4(aoa2 - af) = 4(ai/3| - aia2/3i/32) 
= 2(a^/3| - 2aia2l3il32 + alpl), 

or 

D = 2(a/3)2, 

a very concise representation of this invariant. 

Conversely, if we wish to know what invariant a given synibohcal expression 
represents, we proceed thus. Let / be the quadratic above, and 

g = pI = al = . . . = hox\ + 26ixiX2 + 62x|, 

where p is not equivalent to a. Then to find what J = {ap)axPx, which evidently 
contains the symbols in defined combinations only, represents in terms of the 
actual coefficients of the forms, we multiply out and find 

J = {aip2 - a2Pi){aixi + a2a;2)(pia;i + P2X2) 

= ("1/31/32 - aia2Pi)xi + {aiP2 - a2Pi)xiX2 + (aia2P2 " '^2PiP2)x2, 
= {aobi — aibo)xl + (0062 - a2bo)xiX2 + 9aib2 — a2bi)x\. 

This is the Jacobian of / and g. Note the simple symbolical form 

J = {ap)axPx- 

3.2.2 Symbolical polars. 

We shall now investigate the forms which the standard invariant processes take 
when expressed in terms of the above symbolism (Aronhold, 1858). 
For polars we have, when / = a™ = /3™ = • • •, 



fy= — { y^n ) / = "" M y^Z ) ("1^1 + "2a;2) = a" ^"y 



^ ^ /— ^ / = a™-i ( - 
m \ dx J ^ \ dx 

Hence 

/,. = a^-^a^. (75) 

The transformed form of / under T will be 

/' = [ai(Ai4 + pix'^) + a2{\2x[ + ^24)]" 
= [(aiAi + a2\2)xi + ai^i + a2P2)x2]™' , 



J = (axxi + afj_X2J 

,^xT + • • • + (7 ) o^T''<^>T-''^2 + • • • + «™4™- (76) 
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In view of (75) we have here not only the syniboHcal representation of the 
transformed form but a very concise proof of the fact, proved elsewhere (Chap. 
I, (29)), that the transformed coefficients are polars of Og = /(Ai, A2) = a™. 

The formula (66) for the polar of a product becomes 

where the symbols a, /3 are not as a rule equivalent. 

3.2.3 Symbolical transvectants. 

If / = < = a™ = . . . ,5 = /?," = 6^ = . . ., then 

mn ^\y=x ^ \0x10y2 0X20yiJ \y=x 

Hence the symbolical form for the rth transvectant is 

{f,gY = {apya^-^(3:-\ (78) 

Several properties of transvectants follow easily from this. Suppose that g = f so 
that a and /? are equivalent symbols. Then obviously we can interchange a and 
13 in any symbolical expression without changing the value of that expression. 
Also we should remember that (a/3) is a determinant of the second order, and 
formally 

{a(3) = -{(3a). 
Suppose now that r is odd, r = 2fc + 1. Then 

Hence this transvectant, being equal to its own negative, vanishes. Every odd 
transvectant of a form with itself vanishes. 
If the symbols are not equivalent, evidently 

{f,gy = i-in9jy- (79) 

Also if C is a constant, 

{Cf,gy = C{f,gy; (80) 

(ci/i +C2/2 + ...,digi + d2g2 + . . .y = ci(ii(/i,5i)'' + cicJ2(/i,52)'' + . ... 

(81) 
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3.2.4 Standard method of transvection. 

We may derive transvectants from polars by a simple application of the funda- 
mental postulate. For, as shown in section 1, if / = aox™ + . . . = a™, 



fr 



{m — r)! 






Vi 



grf 



1/ dx\ dx2 



r-l 

Vi 2/2 



dx: 



:y2 



(82) 



Now (y) is cogredient to (x) . Hence g^ , — -q^ are cogredient to y\,y2- If we 
replace the y's by these derivative symbols and operate the result, which we 
abbreviate as 9/yr, upon a second form 5 = 6", we obtain 



{n — r)\ 



dfy^ 



0-102 



a2b',-'h + ... + {-iyalb{ 



^m — r ui—r 



= {abya^-^b:-^ = {f,gy 



(83) 



When we compare the square bracket in (82) with a™^'" times the square bracket 
in (83), we see that they differ precisely in that 2/1,2/2 has been replaced by 
62, —bi- Hence we enunciate the following standard method of transvection. Let 
/ be any symbolical form. It may be simple like / in this paragraph, or more 
complicated like (78), or howsoever complicated. To obtain the rth transvectant 
of / and = 6" we polarize f r times, change yi, j/2 'into 621 ~^1 respectively in 
the result and multiply by b"^^ . In view of the formula (77) for the polar of a 
product this is the most desirable method of finding transvectants. 
For illustration, let _F be a quartic, F = a"^ = b^, and / its Hessian, 

f={abyalbl. 



Let 



Then 
{f,9f = {abfalbl] xa 

{abf 



v~,y 
2\ (2 




2 / "^^y + 



9 = oix 



jaxOyb^by + 



olbl 



y=a 



(84) 



= -{ab) (ba) a^a^ -\ — (ab) {aa){ba)axbxQ:x -\ — (ab) (aa) b^a^. 

Since the symbols a, b are equivalent, this may be simplified by interchanging 
a, b in the last term, which is then identical with the first, 

1 2 

{f,9f = -{aby {baf ala^ + -(a6)^(aa)(6a)a^6^a3;. 
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By the fundamental existence theorem this is a joint covariant of F and g. 
Let / be as above and g = {af3)a'^j3x, where a and /? are not equivalent. To 
find (/, g)^, say, in a case of this kind we first let 

g= {al3)alPx = a^, 

introducing a new symbolism for the cubic g. Then we apply the method just 
given, obtaining 

1 2 

{fi9f = o('^^)^(^^)^"^'^^ + i^{abf{acr){ba)axbxax. 

We now examine this result term by term. We note that the first term could have 
been obtained by polarizing g twice changing j/i, 2/2 into 62,-61 and multiplying 
the result by {ab)'^a'^. Thus 



Uab)\ba)\lax = Ua^)al(3^ (abfal 



(85) 



Consider next the second term. It could have been obtained by polarizing g once 
with regard to y, and then the result once with regard to z; then changing j/i, j/2 
into 02, —ai, and zi, Z2 into 62,-61, and multiplying this result by {ab)'^axbx\ 

2 
-(a6)^(ao-)(6o-)a^63;0-^ 



'-{al3)all3x 



y;y=a. 



X (ab) a^bx 



(86) 



From (85), 



-(a/3) 



1/ \ii"'="yf^y^ \2 



2A^A 2. 



2„2 



(ab) a. 



y=b 



From (86), 



= -{aby{aP){ab){l3b)4ax + -(a6)^(a/?)(a6)^4/3. 



:m) 



o)(: 



OL^Py 



1/ VO 



^x^yPx 



y=a. 



{ab)'^axbx 



2 4 

-al{(3a) + -axl3x{aa) 



X {ab)^{al3)axbx 



2 2 

-{abf{af3){ab){l3a)axaxbx + -{abf{a(3){aa){ab)f3xaxbx 

y y 

2 
+ -{abf{a(3){(3b){aa)axaxbx. 

y 
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Hence we have in this case 
2 



if,gy = -(a6)^(a/3)(a6)(;36)a>, + -(a6)^(a/?)(a6)^a^/?, 

4 2 

+ T.iab)'^ {a(3){ab){/3a)axaxbx + -{ab)'^ {af^){aa){ab) l3xaj:bx ■ 



(87) 



3.2.5 Formula for the rth transvectant. 

The most general formulas for /, g respectively are 



in which 



/ = aW4^)... 4™),, = /3W;3f .../?("), 



aW = a«xi + aWx2, /3« = /3«xi + ;3«X2. 



We can obtain a formula of complete generality for the transvectant (f,gY by 
applying the operator Q, directly to the product fg. We have 



92 



(q)r,{r)fg 



dx2dyi 
Subtracting these we obtain 

if, 9)' = 






^_(^-l),(^-l)! fg 



jJn! 



Repetitions of this process, made as follows: 



m.\n.\ '—^ 



o^'P^ 



fg 



(88) 



lead to the conclusion that the rth transvectant of / and g, as well as the mere 
result of applying the operator Q to fg r times, is a sum of terms each one of 
which contains the product of r determinant factors (a/3), m — r factors a^^ and 
n — r factors (3x. We can however write {f,gY in a very simple explicit form. 
Consider the special case 
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Here, by the rule of (88), 

{f,gf = {(a(i)/3(i))(a(2)^(2))43) ^ («(i)^(i))(«(3)^(2))42) 
+ (a(i)/3(2))(a(2)/j(i))43) ^ («(i)^(2))(«(3);3(i))42) 

+ (a(2)/3(2))(«(3)/j(i))4i) + (a(2)^(2))(«(i)/3(i))43) 

+ (a(3)/j(l))(«(l)/j(2))42) ^ (c,(3)^(l))(«(2)/3(2))4l) 

+ (a(=^)/3(2))(a(i)/3(i))42) ^ («(3)^(2))(«(2);3(i))4i) ^ 2!3!, 



(89) 



in which occur only six distinct terms, there being a repetition of each term. Now 
consider the general case, and the rth transvectant. In the first transvectant one 
term contains ti = {a^^> j3^^')ax ■ ■ ■ ax Pv ■ ■ ■ Pv ■ In the second transvec- 



(3) 



arising from 



tant there will be a term ui = (a(i)/3(i))(a(2)^(2))Q,(^3) _ ^ ^i 

r^ti, and another term ui arising from i^t2, where ^2 = {a^'^' l3^'^')ax ax ■ ■ ■ ax Py (3y ■ ■ ■ j3y . 
Thus u\(y = x) and likewise any selected term occurs just twice in (/, g)^ . Again 
the term vi = (a(i)/3(i))(a(2);3(2))(c^(3)^(3))Q,(^4) ...0... ^^n ^^^^^ ^^ (j^^)3 

as many times as there are ways of permuting the three superscripts 1,2,3 or 
3! times. Finally in {f,gY, written by (88) in the form (89), each term will be 
repeated r! times. We may therefore write {f,gY as the following summation, 
in which all terms are distinct and equal in number to (™) {)rl: 



{fAy = 



:7)i>' 



E 



(a(i)/3(i))(a(2)/3(2))...(c,M/jM) 



(1) (2) 



■at^Pi'^Pi'^ 



.4") 



fg 



(90) 



y=x 



3.2.6 Special cases of operation by Q, upon a doubly binary 
form, not a product. 

In a subsequent chapter Gordan's series will be developed. This series has to do 
with operation by Q upon a doubly binary form which is neither a polar nor a 
simple product. In this paragraph we consider a few very special cases of such 
a doubly binary form and in connection therewith some results of very frequent 
application. 

We can establish the following formula: 



Q^{xyY = constant = (r + !)(?*!) 



(91) 



In proof (74), 



and 



n' 



E(-i) 



gr 



{xyY 



ij dx{ ^dx\ dy\dy2 

r 

E(-i) 



i=0 



■^1 ^2^1% 
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Hence it follows immediately that 





Q' 


\^yY = 


r . s 2 


((r- 


-iy.fiiif 






= 


i=0 


= {r 


+ l)(r!)2. 


similar 


doubly binary 


form is 












F- 


= i^yy^T 


-'^y 


-j 



If the second factor of this is a polar of S,^^" ^-', we may make use of the fact, 
proved before, that f] on a polar is zero. An easy differentiation gives 

QF = j{m + n-j + l){xyy-'C'^^;;-^ , 

and repetitions of this formula give 

oip = j! (m + n-j+1)! . x,-z.m-,,»-,- / If « ^ J; 

{j-iy.{m + n-j-i + i)r ^' ^^ ^y \=oiii>j 



This formula holds true if to = n = j, that is, for Q^{xyy . 

3.2.7 Fundamental theorem of symbolical theory. 

Theorem. Every monomial expression </) which consists entirely of symbolical 
factors of two types, e.g. determinants of type (a/?) and linear factors of the type 
ax and which is a defined expression in terms of the coefficients and variables 
of a set of forms f,g,... is a concomitant of those forms. Conversely, every 
concomitant of the set is a linear combination of such monomials. 

Examples of this theorem are given in (78), (84), (87). 
In proof of the first part, let 

c^={apY{a^Y...aPx(3:Yx..., 

where / = a™; and /?, 7, . . . may or may not be equivalent to a, depending upon 
whether or not (j) appertains to a single form / or to a set f,g,.... Transform 
the form /, that is, the set, by T. The transformed of / is (76) 

f' = {axx[ + a^x'^r. 

Hence on account of the equations of transformation, 

<p' = {axl3^ - af,fixYi<^xliJ. - o^t^lxY ■ ■ ■ ctxPx ■ ■ ■ 

But 

aA/?^-a^/?A = (A//)(a/?). (92) 
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Hence 

which proves the invariancy of (f>. Of course if ah factors of the second type, a^, 
are missing in 0, the latter is an invariant. 

To prove the converse of the theorem let be a concomitant of the set f,g,... 
and let the corresponding invariant relation be written 

(i){a'o,a[, ...;x[,X2) = (A^)''0(ao, ai, . . . ; xi, X2). (93) 

Now a'' = a™ '' ot^Aj = 0, 1, . . . to). Hence if we substitute these symbolical 
forms of the transformed coefficients, the left-hand side of (93) becomes a sum- 
mation of the type 

^PQxr'4"' = (AM)V(«o,...;xi,X2) {loi+lo2 = lo), (94) 

where P is a monomial expression consisting of factors of the type a\ only and 
Q a monomial whose factors are of the one type a^. But the inverse of the 
transformation T (cf. (10)) can be written 



X -\ — ~~ r~ , Xt^ — 



(Am)' ' (Am)' 

where ^1 = — a;2,^2 = xi. Then (94) becomes 

Y^i-^r-PQ^^'Cx' = (Am)'+"</> (95) 

We now operate on both sides of (95) by f] +'^, where 



9Ai9/i2 8X28111 

We apply (90) to the left-hand side of the result and (91) to the right-hand 
side. The left-hand side accordingly becomes a sum of terms each term of which 
involves necessarily lo + k determinants (a/3), (a^). In fact, since the result 
is evidently still of order u; in xi, X2 there will be in each term precisely lo 
determinant factors of type (a^) and k of type (a/3). There will be no factors of 
type ax or ^x remaining on the left since by (91) the right-hand side becomes 
a constant times </), and (f> does not involve A, m- We now replace, on the left, 
(a^) by its equivalent a^, (/?C) by /S^, etc. Then (95) gives, after division by the 
constant on the right, 

0=Ea(a/?)P(a7)«...a^/?,V.., (96) 

where a is a constant; which was to be proved. 

This theorem is sometimes called the fundamental theorem of the symboli- 
cal theory since by it any binary invariant problem may be studied under the 
Aronhold symbolical representation. 
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3.3 Reducibility. Elementary Complete Irreducible 
Systems 

Illustrations of the fundamental theorem proved at the end of Section 2 will now 
be given. 

3.3.1 Illustrations. 

It will be recalled that in (96) each symbolical letter occurs to the precise degree 
equal to the order of the form to which it appertains. Note also that k -\- to, 
the index plus the order of the concomitant, used in the proof of the theorem, 
equals the weight of the concomitant. This equals the number of symbolical 
determinant factors of the type {a(3) plus the number of linear factors of the 
type a^ in any term of 0. The order uj of the concomitant equals the number of 
symbolical factors of the type a^ in any term of </). The degree of the concomi- 
tant equals the number of distinct symbols a, l3, . . . occurring in its symbolical 
representation. 
Let 

be any concomitant formula for a set of forms / = a™, gr = /?",.. .. No generality 
will be lost in the present discussion by assuming (f> to be monomial, since each 
separate term of a sum of such monomials is a concomitant. In order to write 
down all m,onom,ial concomitants of the set of a given degree i we have only to 
construct all symbolical products (j) involving precisely i symbols which fulfill 
the laws 



p + q- 

p + r- 



+ p = m, 
+ a = n. 



(97) 



where, as stated above, m is the order of / and equal therefore to the degree to 
which a occurs in (j), n, the order of g, and so on. 

In particular let the set consist of / = a^ = /3^ merely. For the concomitant 
of degree 1 only one symbol may be used. Hence f = a^ itself is the only 
concomitant of degree 1 . If i = 2, we have for (/), 

= (apfaPp^, 



and from (97) 
Or 



p + p = p + a = 2. 



p 


P 


a 





2 


2 


1 


1 


1 


2 
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Thus the only monomial concomitants of degree 2 are 

al^l = f, {af3)a,p, = -(a/3)a,/3, = 0, {apf = ^D. 
For the degree 3 

It is found that all solutions of these three linear Diophantine equations lead to 
concomitants expressible in the form f'^D^ , or to identically vanishing concomi- 
tants. 

DEFINITION. 

Any concomitant of a set of forms which is expressible as a rational integral 
function of other concomitants of equal or of lower degree of the set is said to 
be reducible in terms of the other concomitants. 

It will be seen from the above that the only irreducible concomitants of a 
binary quadratic / of the first three degrees are / itself and D, its discriminant. 
It will be proved later that /, D form a complete irreducible system of /. By this 
we mean a system of concomitants such that every other concomitant of / is 
reducible in terms of the members of this system. Note that this system for the 
quadratic is finite. In another chapter we shall prove the celebrated Gordan's 
theorem that a complete irreducible system of concomitants exists for every 
binary form or set of forms and the system consists always of a finite number of 
concomitants. All of the concomitants of the quadratic / above which are not 
monomial are reducible, but this is not always the case as it will be sometimes 
preferable to select as a member of a complete irreducible system a concomitant 
which is not monomial (cf. (87)). As a further illustration let the set of forms 
he f = a^ = 13'^ = . . . , g = a^ = b'^ = . . .; let i = 2. Then employing only two 
symbols and avoiding (a/3)^ = ^D, etc. 

0= {aaYaP.al, 
p + p = p+ a = 2. 

The concomitants from this formula are, 

CK^a^ = f ■ g, {aajaxCix = J, {eta) = h, 

J being the Jacobian, and h the bilinear invariant of / and (j). 

3.3.2 Reduction by identities. 

As will appear subsequently the standard method of obtaining complete irre- 
ducible systems is by transvection. There are many methods of proving con- 
comitants reducible more powerful than the one briefly considered above, and 



66 CHAPTER 3. THE PROCESSES OF INVARIANT THEORY 

the interchange of equivalent symbols. One method is reduction by symbolical 
identities. 

Fundamental identity. One of the identities frequently employed in reduction 
is one already frequently used in various connections, viz. formula (92). We 
write this 

axby - aybx = {ab){xy). (98) 

Every reduction formula to he introduced in this hook, including Gordan's 
series and Stroh's series, may he derived directly from (98). For this reason this 
formula is called the fundamental reduction formula of binary invariant theory 
(cf. Chap. IV). 

If we change j/i to C2, j/2 to — ci, (98) becomes 

{hc)a^ + {ca)h^ + {ab)c^ = 0. (99) 

Replacing x by d in (99), 

{ad){bc) + {ca){bd) + {ab){cd) = 0. (100) 

From (99) by squaring, 

2(ab)(ac)b^c^ = (abfcl + (acfbl - {bcfal. (101) 

If uj is an imaginary cube root of unity, and 

ui = {bc)ax,U2 = {ca)bx,U3 = {ab)cx, 

we have 

(ui + U2 + U3){ui + L0U2 + a;^W3)(ui + lo^U2 + '^u^) 
= {abfcl + {bcfal + {caf^l - 3(ab){bc){ca)axb^c^ = 0. (102) 

Other identities may be similarly obtained. 

In order to show how such identities may be used in performing reductions, 
let / = a^ = 6^ = • • • be the binary cubic form. Then 

A = {f,ff = {abfa^bx, 
Q=if,A) = (abficb)axcl. 

-{f,Qf = ^{ahf{bc)[axcl + 2cxCyay\y=d x d^ (102i) 

= -[{abf{cdf{bc)axdx+2{abf{ad){cd){bc)cxdx]. 
But by the interchanges a ^ d,b ^ c 

(ab) (cd) {hc)axdx = (dc) (ba) {cb)axdx = 0. 
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By the interchange c ^ d the second term in the square bracket equals 

(ab) {cd)cxdx[{ad){bc) + {ca){bd)], 

or, by (100) this equals 

(abf(cd)^Cxd, = 0. 

Hence {f,Q)^ vanishes. 

We may note here the result of the transvection (A, A)^; 

R= (A,A)2 = (ab)'^{cdf(ac)(bd). 



3.3.3 Concomitants of binary cubic. 

We give below a table of transvectants for the binary cubic form. It shows which 
transvectants are reducible in terms of other concomitants. It will be inferred 
from the table that the complete irreducible system for the binary cubic / 
consists of 

one invariant and three covariants, and this is the case as will be proved later. 
Not all of the reductions indicated in this table can be advantageously made by 
the methods introduced up to the present, but many of them can. All four of 
the irreducible concomitants have previously been derived in this book, in terms 
of the actual coefficients, but they are given here for convenient reference: 



/ =aoXi + 3aiX]^X2 + 802X1X2 + 03X2, 

A 

Q 



=2{aoa2 — al)xl + 2(0003 - oia2)xiX2 + 2(0103 - 02)^2, 
= (0903 — 3ooOi02 + 2oi)xi + 3(aoOi03 — 200O2 + ai02)xiX2 



— 3(090203 — 201O3 + aia2)xiX2 — {aoO'3 ~ 8010203 
R =8(oo02 — 0]^)(ai03 — 02) — 2(0903 — 0102) . 



2of )x3 



2: 



(cf. (35)) 

(cf. (39)) 
(cf. (74i)) 



The symbolical forms are all given in the preceding Paragraph. 
TABLE I 



FIRST TRANSV. 


SECOND TRANSV. 


THIRD TRANSV. 


(/,/) = o 


(/,/)^ = A 


(/,/)' = o 


(/,A) = Q 


(/,A)2=0 




(A, A) = 


(A,A)2 = R 




(/,Q) = -iA2 


(/,Q)' = o 


{LQr = R 


(A,Q)=ii?/ 


(A,g)2 = o 




{Q,Q) = o 


(Q,g)2= iit-A 


{Q,Qr = o 
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3.4 Concomitants in Terms of the Roots 

Every binary form / = a™ = 6™ = ... is linearly factorable in some field of 
rationality. Suppose 

J- / (1) (1) \/ (2) (2) N / (m) (m) n 

J = (rj xi — rl X2){r2 xi — r^ X2) • • • (?'2 ^i ~ ''i X2). 

Then the coefficients of the form are the elementary symmetric functions of the 
m groups of variables (homogeneous) 

PM'\4'^){j=l,2,...,m). 
These functions are given by 

a, = (01)^' Y: r^^M'^ ■ ■ ■ A'H'^'^ ■ ■ ■ rt\j = 0, . . . , m). (103) 

The number of terms in ^^ evidently equals the number of distinct terms obtain- 
able from its leading term by permuting all of its letters after the superscripts 
are removed. This number is, then, 

N={m/)ljl{m-j)l=^Ci. 

3.4.1 Theorem on linear factors. 

Theorem. Any concomitant of f is a simultaneous concomitant of the linear 
factors of f , i.e. of the linear forms 



For, 



and 



(r(i)x),(r(2)x),...,(T(")x). 
/' = (-l)™(T'(i)a;')(T'(2)x') . . . (t'(™)x'), (104) 



4 = (-1)' E ^i^'^^i^'^ • • • <^'^4'^'^ ■ ■ ■ 4^^- (103i) 

Let be a concomitant of /, and let the corresponding invariant relation be 
(/)' = {ao,...,a^y{x[,X2)'^ = {\fi)''{ao, . . . ,amy{xi,X2)'^ = {\fJ-)''4'- 

When the primed coefficients in (f>' are expressed in terms of the roots from 
(103i) and the unprimed coefficients in (j) in this invariant relation are expressed 
in terms of the roots from (103), it is evident that </)' is the same function of the 
primed r's that (f> is of the unprimed r's. This proves the theorem. 
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3.4.2 Conversion operators. 

In this Paragraph much advantage results in connection with formal manipula- 
tions by introducing the following notation for the factored form of /: 



/ = 41)42) •••4™). (105) 



Jj) - ^, -L ^,(J) 



Here ax' = ai + a2 X2{j = !,••• ,"t.). The a's are related to the roots 
{ri ,r2 ) of the previous Paragraph by the equations 

Aj) _ „(j) ^0') _ _„0'). 
"1 — '2 ' "2 ^ '1 I 

that is, the roots are {+a2 ,—Oii ){j = 1, • • • ,^1). The umbral expressions 
ai,a2 are now cogredient to aY,a2 (Chap. I, §2, VII, and Chap. Ill, (76)). 
Hence, 

^u)!.] =4-)A + «u)A 

da J da\ da2 

is an invariantive operator by the fundamental postulate. In the same way 

i-j ^ ("'■!) ("•'!) <"-"'l 

and 

[Daic] = [Da][Dl,][D,]--- 

If the transformation T is looked upon as a change of reference points, the 
multiplier A undergoes a homographic transformation under T. are invariantive 
operators. If we recall that the only degree to which any umbral pair ai, 02 can 
occur in a symbolical concomitant, 

(fi = T,IlK{ab){ac) ■ ■ ■ , 

of / is the precise degree m, it is evident that [Dabc---] operated upon (j) gives a 
concomitant which is expressed entirely in terms of the roots {02 ' ~'^i ) of /• 
Illustrations follow. Let 2 (/) be the discriminant of the quadratic 

f=al = bl = ---,(^=iabf. 



Then 



Hence 



a(i)A ] = 2(a(i)6)(a6); [DaU = 2{J^h){a^^h). 



da 



[I?„6]0=-2(a(i)a(2))2. (106) 



This result is therefore some concomitant of / expressed entirely in terms of the 
roots of /. It will presently appear that it is, except for a numerical factor, the 
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invariant (f> itself expressed in terms of the roots. Next let (f) be the covariant Q 
of the cubic f = a^ = . . .. Then 

^ [Da\ Q = (a(i'6)(a(2)6)(ca(3))6^c2 + {a(°'h){a(^h){ca'^^y)b,cl 

\ [Dab] Q = (a(i)6)(a(')6)(m(3))43)c2 

+(a(i)a(2))(a(3)a(i))(ca(=^))43)c2 + (a(i)a(3))(a(3)«(i))(ca(2))42)^2 
+(a(i)a(3))(a(3)a(2))(ca(2))4i)c2 + (a(3)«(i))(a(2)a(3))(ca(i))42)c2 

+ (a(3)«(2))(„(2)^(l))(c^(2))^(3)^2^(^(3)^(2))(^(2)^(3))(^^(l))^(l)^2 

[Dabc] Q = -2' ^(a(i)a(2))^(a(i)a(3))43)2^(2)^ (^07) 

wherein the summation covers the permutations of the superscripts. This is 
accordingly a covariant of the cubic expressed in terms of the roots. 

Now it appears from (104) that each coefficient of / = a™ = ... is of degree 

m in the a's of the roots (q;2 ~ ^i )■ Hence any concomitant of degree i 
will be of degree ini in these roots. Conversely, any invariant or covariant 
which is of degree im in the root letters a will, when expressed in terms of the 
coefficients of the form, be of degree i in these coefficients. This is a property 
which invariants enjoy in common with all symmetric functions. Thus [Dah\4' 
above is an invariant of the quadratic of degree 2 and hence it must be the 
discriminant itself, since the latter is the only invariant of / of that degree (cf. 
§3). Likewise it appears from Table I that Q is the only covariant of the cubic 
of degree-order (3, 3), and since by the present rule [i^abc] Q is of degree-order 
(3,3), (107) is, aside from a numerical multiplier, the expression for Q itself in 
terms of the roots. 

It will be observed generally that [Dnj...] preserves not only the degree-order 
(i, oj) of (/), but also the weight since w =\ (im + w). If then in any case 
happens to be the only concomitant of / of that given degree-order (i, w), the 
expression [Da6-] is precisely the concomitant (j) expressed in terms of the 
roots. This rule enables us to derive easily by the method above the expressions 
for the irreducible system of the cubic / in terms of the roots. These are 

/ '^x ^x '^x ^ ^x- 
A = V(a(i)a(2))2a(3)2; (ahfa^b^. 



„2 



Q = ^(a(l)a(2))2(„(l)„(3))^(3)2^^2). („5)2(„^)^^^2 

i?= (a(i)a(2))2(a(2)a(3))2(a(3)a(i))2; (abf(cd)\ac)ibd). 
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Consider now the explicit form of Q: 

Q= (a(i)a(2))' (aWa(3)) ' 43)242) ^ |^J2)^(3)^^ [a^'^a^^^)' a^^^^^^^ 
+ (a(3)a(i))' (a(3)a(2))' 42)241) + (a(3)a(2))' (aP)a(i))' 4^)242) 
+ (a(2)a(i))' (a(2)aP))' 43)2^(1) ^ („(i)„(3))' (a(i)a(2))' 42)24^) 

It is to be noted that this is symmetric in the two groups of letters {a^ , 0,2). 
Also each root (value off) occurs in the same number of factors as any other 
root in a term of Q. Thus in the first term the superscript (1) occurs in three 
factors. So also does (2). 

3.4.3 Principal theorem. 

We now proceed to prove the principal theorem of this subject (Cayley). 

Definition. 

In Chapter I, Section 1, II, the length of the segment joining C(xiX2), and 
D (2/1,2/2); real points, was shown to be 



(Ayi +2/2)(Axi +X2)' 

where A is the multiplier appertaining to the points of reference _P, Q, and fi is 
the length of the segment PQ. If the ratios xi : X2, yi : j/2 are not real, this 
formula will not represent a real segment CD. But in any case if (ra ,7*2 ), 
{fa , f 2 )) are any two roots of a binary form / = a™, real or imaginary, we 
define the difference of these two roots to be the number 



"(Arp-)+r«)(Ar«+rW)- 



\T^-"T 



We note for immediate use that the expression 

n(r) = (Arf ) + r(i))(Arf )) . . . (Ar^) + r^™)) 

is symmetric in the roots. That is, it is a symmetric function of the two groups 
of variables (t^ , T2 ) (j = l,...,'m). In fact it is the result of substituting 
(1, -A) for (xi,X2) in 

/ = (-l)"(T(i)x)(r(2)x) . . . (t(™)x), 

and equals 

U{t) = (ao - maiA + . . . + (-l)"a™A™). 
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Obviously the reference points P, Q can be selected^ so that (1,— A) is not a 
root, i.e. so that n(r) =/= 0. 

Theorem. Let f be any binary form, then any function of the two types of 
differences 

which is homogenous in both types of differences and symmetric in the roots 
{ti ,T2 ){j = 1,...,to) will, when expressed in terms of xi,X2 and the co- 
efficients of f , and made integral by multiplying by a power of n(T) times a 
power of (Axi + X2), be a concomitant if and only if every one of the products 
of differences of which it consists involves all roots (t}"' , T2 ) (values of j) in 
equal numbers of its factors. Moreover all concomitants of f are functions (j) 
defined in this way. If only the one type of difference [t" V'"] occurs in (j), it is 
an invariant, if only the type [t^^'x], it is an identical covariant,-a power of f 
itself, and if both types occur, (f) is a covariant. [Of. theorem in Chap. Ill, ^2, 
VH.] 

In proof of this let the explicit form of the function (j) described in the theorem 
be 

k 

where 

ai + A + •■• = "2 + /32 + ••■ = ■•■ , 
pi + ai + ... = P2 + 0-2 + ■■■ = ..■ , 

and (f> is symmetric in the roots. We are to prove that <f) is invariantive when 
and only when each superscript occurs in the same number of factors as every 
other superscript in a term of (f>. We note first that if this property holds and 
we express the differences in (j) in explicit form as defined above, the terms of 
E will, without further algebraical manipulation, have a common denominator, 
and this will be of the form 

Hirnxxi + x^r . 

Hence n('')"('^^i '^^2Y4' is a sum of monomials each one of which is a product 
of determinants of the two types (r^^V^^), {A^'x). But owing to the cogrediency 
of the roots and variables these determinants are separately invariant under T, 
hence n(^)"('^2;i -\-X2Y4' is a concomitant. Next assume that in (j) it is not true 
that each superscript occurs the same number of times in a term as every other 
superscript. Then although when the above explicit formulas for differences are 
introduced (Axi + X2) occurs to the same power v in every denominator in E, 



^If the transformation T is looked upon as a change of reference points, the multiplier A 
undergoes a homographic transformation under T. 
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this is not true of a factor of the type {Xr^ + ^'2 )• Hence the terms of S 
must be reduced to a common denominator. Let this common denominator be 
n(r)"(Axi +X2y. Then nW"(Aa;i + X2)> is of the form 

01 = ^ n(Arp') + 4'Y'' (r(i)r(2))°^ (^(1)^(3)) A ^ (A^)x)P^ (A^hy^ ..., 

k j 

where not all of the positive integers Ujk are zero. *Now is invariantive under 
T. Hence it must be unaltered under the special case of T; xi = — X2,X2 = x' . 
From this t^ ' = —T2tT2 = t{- . Hence 

</.; = ^n,(AT(^') -Tp'V-(T(i)T(2))«»(r(i)T(3))/5^ ...(r(i)x)''» ..., 

and this is obviously not identical with 01 on account of the presence of the 
factor n. Hence 01 is not a concomitant. 

All parts of the theorem have now been proved or are self-evident except 
that all concomitants of a form are expressible in the manner stated in the 
theorem. To prove this, note that any concomitant of /, being rational in the 
coefficients of /, is symmetric in the roots. To prove that need involve the roots 
in the form of differences only, before it is made integral by multiplication by 
n(T)"(Axi +X2)", it is only necessary to observe that it must remain unaltered 
when / is transformed by the following transformation of determinant unity: 

X\ ^ X-} ^ ^Xn , X'2 —— Xn , 

and functions of determinants (t^^'t^ '), (t^^'x) are the only symmetric func- 
tions which have this property. 

As an illustration of the theorem consider concomitants of the quadratic 
/ = {t^^'x^'^)){t^'^'x). These are of the form 



' = EM^ 



)T(2)l°~Ml)d''»fT(2)d^». 



Here owing to homogeneity in the two types of differences, 

ai = a2 = . . . ; pi + ai = p2 + (T2 = ■ . ■ . 

Also due to the fact that each superscript must occur as many times in a term 
as every other superscript, 

ai + pi = ai + ai, a2 + P2 = a2 + (72, ■ ■ ■ ■ 
Also owing to symmetry a^ must be even. Hence a^ = 2a, Pk, = o'k = P, and 

n(r)2«+/5(Axi +X2)2'5* = c{(T(i)r(2))2}"{(r(i)x)(r(2)x)}'' = CD'^J^, 

where C is a numerical multiplier. Now a and /3 may have any positive integral 
values including zero. Hence the concomitants of / consist of the discriminant 
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D = — (r^^V^^))^, the form / = {A^'x){A'^>x) itself, and products of powers of 
these two concomitants. In other words we obtain here a proof that / and D 
form a complete irreducible system for the quadratic. We may easily derive the 
irreducible system of the cubic by the same method, and it may also be applied 
with success to the quartic although the work is there quite complicated. We 
shall close this discussion by determining by this method all of the invariants of 
a binary cubic / = —{A^)x){A'^'x){r^^'x). Here 

= V[r(iV(2)]"'= [r(2)r(3)]ft [r(3)^(i)]7' 

k 

ak + Jk = o-k + f3k = l^k + Ik- 
a-k = Pk = Ik = 2q;. 



and 

That is. 
Hence 



n(r)4«</, = c{(r(i)r(2))2(r(2)r(3))2(r(3)r(i))2}« = CR^. 
Thus the discriminant R and its powers are the only invariants. 

3.4.4 Hermite's Reciprocity Theorem. 

Theorem. // a form f = a™ = 6™ = • • • of order m has a concomitant of 
degree n and order lo, then a form g = a^ = . . . of order n has a concomitant 
of degree m and order lo. 

To prove this theorem let the concomitant of / be 

/ = ^ k{ahY{acf ■ ■ ■ a^hl • • • (r + s + • • • = w), 

where the summation extends over all terms of / and k is numerical. In this 
the number of distinct symbols a,b, . . . is n. This expression / if not symmetric 
in the n letters a,b,c, . . . can be changed into an equivalent expression in the 
sense that it represents the same concomitant as /, and which is symmetric. To 
do this, take a term of /, as 



k{ab)P{acy---alb: 



^6" ■ 

XX 



and in it permute the equivalent symbols a,b, . . . in all n\ possible ways, add 
the n\ resulting monomial expressions and divide the sum by n\. Do this for all 
terms of / and add the results for all terms. This latter sum is an expression J 
equivalent to / and symmetric in the n symbols. Moreover each symbol occurs 
to the same degree in every term of J as does every other symbol, and this 
degree is precisely m. Now let 
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and in a perfectly arbitrary manner make the following replacements in J: 

a, b, c, . . . , I 

.W, a(2), a(3), ..., aH 

The result is an expression in the roots (^2 ' ~'^i ) o^ 9^ 

Ja = Yl Cia(''>a^^^na(''>a^^^y ■ ■ ■ a^^^ a^^r ■■■, 

which possesses the following properties: It is symmetric in the roots, and of 
order lo. In every term each root (value of (j)) occurs in the same number of 
factors as every other root. Hence by the principal theorem of this section Jq 
is a concomitant of g expressed in terms of the roots. It is of degree m in the 
coefficients of g since it is of degree m in each root. This proves the theorem. 

As an illustration of this theorem we may note that a quartic form / has 
an invariant J of degree 3 (cf. (70i)); and, reciprocally, a cubic form g has an 
invariant R of degree 4, viz. the discriminant of <; (cf. (39)). 



3.5 Geometrical Interpretations. Involution 

In Chapter I, Section 1, II, III, it has been shown how the roots (rj^* , r2 )(* = 
1, . . . , m) of a binary form 

/= {ao,ai,...,am){xi,X2)"^ 

may be represented by a range of m points referred to two fixed points of 
reference, on a straight line EF. Now the evanescence of any invariant of / 
implies, in view of the theory of invariants in terms of the roots, a definite 
relation between the points of this range, and this relation is such that it holds 
true likewise for the range obtained from / = by transforming / by T. A 
property of a range / = which persists for /' = is called a projective property. 
Every property represented by the vanishing of an invariant / of / is therefore 
projective in view of the invariant equation 

/(a'o,...) = (A^)'=/(ao,...)- 

Any covariant of / equated to zero gives rise to a " derived" point range con- 
nected in a definite manner with the range / = 0, and this connecting relation 
is projective. The identical evanescence of any covariant implies projective rela- 
tions between the points of the original range / = such that the derived point 
range obtained by equating the covariant to zero is absolutely indeterminate. 
The like remarks apply to covariants or invariants of two or more forms, and 
the point systems represented thereby. 
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3.5.1 Involution. 

If 

/ = (oo,oi, • • • ^ xi,X2)"',g= {bo,bi, ■ ■ ■ {} xi,a;2)'" 

are two binary forms of the same order, then 

f + kg = {ao + kbo,ai + kbi, ■ ■ ■ <^ xi,X2)™, 

where fc is a variable parameter, denotes a system of quahties which are said to 
form, with / and g, an involution. The * single infinity of point ranges given 
by k, taken with the ranges / = 0, y = are said to form an involution of point 
ranges. 

In Chapter I, Section 1, V, we proved that a point pair {(u),{v)) can be 
found harmonically related to any two given point pairs ((p), (r)), (((/), (s)). 
If the latter two pairs are given by the respective quadratic forms /, g, the 
pair ((u), (v)) is furnished by the Jacobian C of /, g. If the eliminant of three 
quadratics /, g, h vanishes identically, then there exists a linear relation 

f+kg + lh = 0, 

and the pair h = belongs to the involution defined by the two given pairs. 

Theorem. There are, in general, 2{m— 1) quantics belonging to the involution 
f + kg which contain a squared linear factor, and the set comprising all double 
roots of these quantics is the set of roots of the Jacobian of f and g. 

In proof of this, we have shown in Chapter I that the discriminant of a form 
of order m is of degree 2{m—l). Hence the discriminant oi f-\- kg ia a polynomial 
in k of order 2{m — 1). Equated to zero it determines 2{m — 1) values of k for 
which f + kg has a double root. 

We have thus proved that an involution of point ranges contains 2{m — 1) 
ranges each of which has a double point. We can now show that the 2{m — 1) 
roots of the Jacobian of / and g are the double points of the involution. For if 
xiU2 — X2U1 is a double factor of / + fcg, it is a simple factor of the two forms 

dxi dxi ' dx2 dx2 ' 

and hence is a simple factor of the k eliminant of these forms, which is the 
Jacobian of /, g. By this, for instance, the points of the common harmonic 
pair of two quadratics are the double points of the involution defined by those 
quadratics. The square of each linear factor of C belongs to the involution 
f + kg. 

In case the Jacobian vanishes identically the range of double points of the 
involution becomes indeterminate. This is to be expected since / is then a 
multiple of g and the two fundamental ranges / = 0, 5 = coincide. 



3.5. GEOMETRICAL INTERPRETATIONS. INVOLUTION 77 

3.5.2 Projective properties represented by vanishing co- 
variants. 

The most elementary irreducible covariants of a single binary form / = (ag , ai , . . . 
2^1) 2;2)™ are the Hessian H, and the third-degree covariant T, viz. 

H={fjf,T={f,H). 
We now give a geometrical interpretation of each of these. 

Theorem. A necessary and sufficient condition in order that the binary form 
f may be the mth power of a linear form is that its Hessian H should vanish 
identically. 

If we construct the Hessian determinant of (r2Xi — riX2)™, it is found to 
vanish. Conversely, assume that H = 0. Since H is the Jacobian of the two first 
partial derivatives jr^, jr^, the equation H = implies a linear relation 



dxi ' dx2 ' 



Also by Euler's theorem 



and 



df df 

'*2^ «1^ = 0- 



df ^ df 
oxi 0x2 



- — dxi + - — dx2 = df. 
oxi 0x2 



Expansion of the eliminant of these three equations gives 

df d(KiXi + K2X2) 
— = m ■ , 

/ KlXl + K2X2 

and by integration 

/ = (kiXi + K2X2)"^, 

and this proves the theorem. 

Theorem. A necessary and .sufficient condition in order that a binary quartic 
form f = aoxf + • • • should be the product of two squared linear factors is that 
its sextic covariant T should vanish identically. 

To give a proof of this we need a result which can be most easily proved by 
the methods of the next chapter (cf. Appendix (29)) e.g. if i and J are the 
respective invariants of /, 

i = 2(aoa4 — 4aia3 + 802), 
J=6 



ao 


ai 


a2 


ai 


02 


as 


02 


as 


a4 
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then 

(T,T)« = l(i3-6j2). 

We also observe that the discriminant of / is 57 (*^ ~ 6J^). Now write a^ as the 
square of a hnear form, and 



r 22 4 1,4 



Then 



2 2 4\2 

2„2 , / \2„2 , Al„„\t„„\„ „ 1„2 

1, 



b 



= -[3(aa) q^+^qa) a^ - 2{aq) a^]a^ 



But 



Hence 



{qafal = {f,qlf = ^-[{aqf ql + i{qqf al]. 

H=-^-{aqff+^-{qqfat. (108) 

This shows that when H = 0, f is & fourth power since (aq) , (qq) are constants. 
It now follows immediately that 

T={f,H)=^{qqf{f,a,)al 

Next if / contains two pairs of repeated factors, q'^ is a perfect square, (qq)^ = 0, 
and T = 0. Conversely, without assumption that a^ is the square of a linear 
form, if T = 0, then 

iT,Tr = ^{i^-6j') = 0, 
and / has at least one repeated factor. Let this be a^- Then from 

T = -{qqf{f,a^)al = 0, 

we have either (qq)"^ = 0, when q'^ is also a perfect square, or {fjCtr^) = 0, 
when/ = a^. Hence the condition T = is both necessary and sufficient. 



Chapter 4 

REDUCTION 

4.1 Gordan's Series. The Quartic 

The process of making reductions by means of identities, illustrated in Chapter 
III, Section 3, is tedious. But we may by a generalizing process, prepare such 
identities in such a way that the prepared identity will reduce certain extensive 
types of concomitants with great facility. Such a prepared identity is the series 
of Gordan. 

4.1.1 Gordan's series. 

This is derived by rational operations upon the fundamental identity 

a-xby = ayb^ + {ah){xy). 
From the latter we have 



<h"y = Kfe, + (a6)(xy)]™6^-™(n^m) 



Since the left-hand member can represent any doubly binary form of degree- 
order (to, n), we have here an expansion of such a function as a power series 
in {xy). We proceed to reduce this series to a more advantageous form. We 
construct the (n-fc)th y-polar of 

by the formula for the polar of a product (66) . This gives 

_ i'^^l V^ ( m-k \/ n-k \ rn-k-h hi-m-k-hin-m+h 

-2k\ Z^ [^ _J,_h \r,-^-^h V "x"x "y 



jm-\-n 

\ n-k I h=0 



m — k — hj \n — m + hj ^ 

(110) 
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Subtracting (ab) a^^ b^^ b"^"^ from each term under the summation and 
remembering that the sum of the numerical coefficients in the polar of a product 
is unity we immediately obtain 



(a6)'=a™-'=6^-H;;-^ 



(ah) sr-^ f m — k \ f n — k 



= Co™ ft"^'= - ^ ' V 

\ n-k J h=l ^ ^ ^ ' 

X a™-'=-'^6™-'=-''6^-™(a^^ - a^6^). (Ill) 

Aside from the factor (™) the left-hand member of (111) is the coefficient of 
(xy) in (109). Thus this coefficient is the (n— fc)th polar of the kth transvectant 
of a™, 6" minus terms which contain the factor (a6) +^(xy). We now use (111) 
as a recursion formula, taking k = m,m — \, . . .. This gives 

(a6)™6— = (a™,6J)™_„, 

{abr-'ayb^h--"^ = (a™,6^)™-!„+, - ^^(a™, 6^)™ _ (xy). (112) 

I L lib I ^ 

We now proceed to prove by induction that 

(a6)'=+ia™-'=-i6™-'=-i6^-™ = a,{a^ Xfyt-.-^ 

+ ai(a™,6J)^t\-.(xj/) + ... 

+ a,{a^Xfytlt^,-^{^Vr + ■■■ (113) 

+ a™-fc-i(a™,6:)™_(xy)™-'=-i, 

where the a's are constants. The first steps of the induction are given by (112). 
Assuming (113) we prove that the relation is true when k is replaced by fc — 1. 
By Taylor's theorem 

e'"'+e'"'+...+e+i = t/.-i(e-i)'"'+th-2(e-i)''"'+...+ti(e-i)+io. 

Hence 

{a^b^y-a^ybl) = tH-i{ab)\xyf + th-2{(^bf'\xyf''<^yb. + ■■■ 

+ th-i{abf-'+\xyf-'+^a'-%-^ + ... + to{ab){xy)a'l-^b^^-\ (114) 

Hence (111) may be written 

{abfa^-H^rH-y-"^ = {aJ:X)lr.-. 

m—k h 

+ Y^ Y^Ahi{abf-'+''+^ai;^-''-^+'-^h^-^-^+'-^b'l-'^{xyf-'+^, (115) 

h=l i=l 

in which the coefficients A^i are numerical. But the terms 

Thi = {ab)^-'+''+U'^-''-^+'-H^-''-''+'-^b'^-'"{m -k^h^l,iSh) 



4.1. GORDAN'S SERIES. THE QUARTIC 81 

for all values of h, i are already known by (112), (113) as linear combinations 
of polars of transvectants; the type of expression whose proof we seek. Hence 
since (115) is linear in the Thi its terms can immediately be arranged in a form 
which is precisely (113) with k replaced by A: — 1. This proves the statement. 

We now substitute from (113) in (109) for all values of k. The result can 
obviously be arranged in the form 

a^b; = Co{a^, hZ)l^ + Ci(a™, 6!?)i„-i (xy) + • • • (116) 

+ C,(a™, bl)l^_, {xyy + ■■■ + C^a^, h-)^^^^{xyr . 

It remains to determine the coefficients Cj. By (91 1) of Chapter III we have, 
after operating upon both sides of (116) by f]^ and then placing y = x^ 



{ahya^-^h--^ = C/-^^- -L_l.(^abya^-^b: 



(m- j)!(n- j)!' ' ^ "" -^ (m + n - 2j + 1)! 

Solving for Cj, placing the result in (116) (j = 0, 1, . . . , m), and writing the 
result as a summation, 

i=o V j } 

This is Gordan's series. 

To put this result in a more useful, and at the same time a more general form 
let us multiply (117) by (aby and change m, n into m — r, n — r respectively. 
Thus 

{abya^-'-b'^-'- 



^ (™-)("7) 
^ ( 



E ,:+i-2.4+n (^^)^'«^^")^.t^-.. (118) 



If we operate on this equation by {x Q-y , {y g^) , we obtain the respective for- 
mulas 

{abya^-XbT''''' 

/m—r\ /n—r — k\ 

= E jJXr-^ i-yyi<^b:y+:,_^_,, (119) 

(abya^-'-'^a'^b'^-'- 

/m—r — k\ /n—r\ 

= E L+UrM (-yyi<^b:y+:,_^,,. (120) 

j ^ j ' 

It is now desirable to recall the standard method of transvection; replace j/i by 
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C2i J/2 by — ci in (119) and multiply by c^ "+^+k^ with the result 

/7n— r\ in—r—k\ 



( 






Likewise from (120) 



(a6)^(6c)"-''(ac)'=ar ' "c; 



k m — r — k p—n-\-r — k 
7n—r—k\ (m—r'\ 



El' 1 V' ^ J ' ^ ] > (in™. h,n\j+r p\n-j-r + k 
V '^f /m+n-2r-j + l\yy'^x j'^x) i ^x ) 



(121) 



(122) 



The left-hand member of equation (121) is unaltered in value except for the 
factor (—1)"^ by the replacements a ^ c,m ^ p,r ^ n — r — k; and likewise 
(122) is unaltered except for the factor (—1)"+"^ by the replacements a ^ c, m ^ 
p,r ^ n — r. The right-hand members are however altered in form by these 
If the changes are made in (121) an 
0,a2 = n — r — k,a3 = r, we obtain 



changes. If the changes are made in (121) and if we write / = b^,g = a™, h 

cP, ai 



E 



I'm — ai— Q3\ ia2\ 

i '^ i ' ft f „\a'i+3 



fm+n-2a3-j + 
^ 3 



{.{{!, gr^\h) 



Ql -{-0.2 



(-irEy^T 



(p-ai-a2\ I'asN 

V i '^3' l(f h\o:2+j ^,\ai+a3-j 



+P-2Q2-J+ 
j 



'{{f,hr+^,gr- 



where we have 



^2 + as ?^ n, as + ai ;2i m, ai + a2 ;^ p, 



(123) 



(124i) 



together with ai = 0. 

If the corresponding changes, given above, are made in (122) and if we write 
ai = k^ a2 = n — r^ a'i = r, we obtain the equation (123) again, precisely. Also 
relations (124i) reproduce, but there is the additional restriction a2 + ^3 = n. 
Thus (123) holds true in two categories of cases, viz. (1) ai = with (124i), 
and (2) a2 + ct^ = n with (124i). We write series (123) under the abbreviation 



; ^2 + "3 ?^ J^, "3 + "1 '^ m, ai + a2 ?^ P, 



f 9 h 
n m p 

oil Cf.2 CK3 

(i) ai = 0, 
(ii) ai -\- a2 = n. 

It is of very great value as an instrument in performing reductions. We proceed 
to illustrate this fact by proving certain transvectants to be reducible. 
Consider (A, Q) of Table I. 



(A,Q) = ((A,/),A). 
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Here n = p = 2, m = 3, and we may take ai = 0, 0:2 = as = 1, giving the series 



A 


/ A 


2 


3 2 





1 1 



that is, 

((A,/),A) + ^((A,/)^A)° = ((A,A),/) + i((A,A)^/)°. 

But 

(A,A) = 0,(A,/)2 = 0,(A,A)2 = i?. 

Hence 

(A,Q) = ((A,/),A) = li?/, 

which was to be proved. 

Next let / = a™ be any binary form and H = (/, /)^ its Hessian. We wish 
to show that ((/, /)^, f)^ is always reducible and to perform the reduction by 
Gordan's series. Here we may employ 




and since (/, Z)^"^"'^ = 0, this gives at 






4 i-\0 



■(a /)^ /)' + \2t-4T (a /)^ /)" = \2„-6r (a /)^ /) 



/'2m-2\ \\J ^ J J tJI I /2m-4\ WJ t J ) tJ) /2m-6\ 



Solving we obtain 

where i = (/, /)**. 

Hence when m ^ A this transvectant is always reducible. 

4.1.2 The quartic. 

By means of Gordan's series all of the reductions indicated in Table I and the 
corresponding ones for the analogous table for the quartic, Table II below, can 
be very readily made. Many reductions for forms of higher order and indeed 
for a general order can likewise be made (Cf. (124)). It has been shown by 
Stroh that certain classes of transvectants cannot be reduced by this series but 
the simplest members of such a class occur for forms of higher order than the 



Stroh; Mathematische Annalen, vol. 31. 
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fourth. An example where the series will fail, due to Stroh, is in connection 
with the decimic / = a^!^ . The transvectant 

is not reducible by the series in its original form although it is a reducible co- 
variant. A series discovered by Stroh will, theoretically, make all reductions, 
but it is rather difficult to apply, and moreover we shall presently develop pow- 
erful methods of reduction which largely obviate the necessity of its use. Stroh's 
series is derived by operations upon the identity {ab)cx + (bcjax + {cajbx = 0. 

TABLE II 





r = 1 


r = 2 


r = 3 


r = 4 


ifjy 





H 





i 


{f,HY 


T 


¥f 





J 


(f,Tr 


Uif'-QH^) 





Wf-iH) 





{H,HY 





WJf-iH) 





i?2 
6' 


{H,TY 


l(jf-ifH) 





2^{i^f-6JH) 





{T,TY 





^{i^f + 6iH'^-l2JfH) 









We infer from Table II that the complete irreducible system of the quartic 
consists of 

/,F,T,i,J. 

This will be proved later in this chapter. Some of this set have already been 
derived in terms of the actual coefficients (cf. (70i)). They are given below. 
These are readily derived by non-symbolical transvection (Chap. Ill) or by 
the method of expanding their symbolical expressions and then expressing the 
symbols in terms of the actual coefficients (Chap. Ill, Section 2). 

/ = aoXi + Aa\XiX2 + &a2XiX2 + 403X1X2 + 04X2, 
H = 2[(aoa2 - a\)x\ + 2(aoa3 - aia2)x\x2 

+ (0904 + 20103 — 3o2)x]^X2 + 2(0104 — a203)xiX2 + (0204 — a3)x2], 
T = (oga3 — 3ooai02 + 2oi)xi + (0904 + 2000103 — 9oo02 + 6oi02)xiX2 

+ 5(ooOi04 — 3000203 + 2oi03)xiX2 + 10(0404 — ooa3)xiX2 

+ 5(— 00O3O4 + 301O2O4 — 2oi03)xiX2 



(125) 



+ (904O2 — O4O0 — 201O3O4 — 60302)xiX2 

+ (302O3O4 — 01O4 — 2a^)x2, 
\ = 2(0004 — 401O3 + 302), 



J = 6 



oo 


Ol 


02 


Ol 


02 


03 


02 


03 


04 



= 6(000204 + 2010203 



2 
O0O3 



2 \ 
O1O4J. 



These concomitants may be expressed in terms of the roots by the methods of 
Chapter III, Section 4, and in terms of the Aronhold symbols by the standard 
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method of transvection. To give a fresh ihustration of the latter method we 
select T = {f,H) = -{H, /). Then 



iHJ) = i{abraX,4) 



{abf 



o) (1)"^^^^!^+ (1) (oi"^"!'''^ 



cl 



= ^(ab)Hbc)a%4 + -{abf(ac)a,blxl 



(ab) (ac)arcb^c'. 






Similar processes give the others. We tabulate the complete totality of such 
results below. The reader will find it very instructive to develop these results 
in detail. 

f = (>'t = bl= ..., 
H={abfalbl 
T= {abf {ca)a^blcl, 
i = {ab)\ 
J = {abf{bcf{caf. 

Except for numerical factors these may also be written 

T = ^(4^)4^))2(4^)«(=^))4^)ap44)3^ (126) 

It should be remarked that the formula (90) for the general rth transvectant 
of Chapter III, Section 2 may be employed to great advantage in representing 
concomitants in terms of the roots. 

With reference to the reductions given in Table II we shall again derive in de- 
tail only such as are typical, to show the power of Gordan's series in performing 
reductions. The reduction of (f,H)^ has been given above (cf. (124)). 

We have 

i-T,Hf = ((HJ),Hf = (H,Tf. 

Here we employ the series 
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This gives 

j=0 V j ) j=0 V j ) 

Substitution of the values of the transvectants (H, fY, H, H)^ gives 



The series for {T,Tf = {{f,H),Tf is 



/ 


H 


T 


4 


4 


6 





2 


1 



or 

{{f,H),Tf + {{f,H)\T) = {{f,T)\H) + \{{f,T)\hf. 



But 



{T,Tf = -^{i'f + 6iH' - l^JHf), 



Hence, making use of the third Hne in Table II, 

{T,Tf = -^{i'f + 6iH' - l^JHf), 

which we wished to prove. The reader will find it profitable to perform all of the 
reductions indicated in Table II by these methods, beginning with the simple 
cases and proceeding to the more complicated. 



4.2 Theorems on Transvectants 

We shall now prove a series of very far-reaching theorems on transvectants. 

4.2.1 Monomial concomitant a term of a transvectant 

Every monomial expression, 0, in Aronhold symbolical letters of the type pecu- 
liar to the invariant theory, i.e. involving the two types of factors (ab), a^; 



l[{abyac''...aPb:c:...., 



is a term of a determinate transvectant. 

In proof let us select some definite symbolical letter as a and in all deter- 
minant factors of (f> which involve a set ai = —2/27 02 = Vi- Then (j) may be 
separated into three factors, i.e. 

</>' = PQaP, 
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where Q is an aggregate of factors of the one type by, Q = 6^c* ..., and P is a 
symbohcal expression of the same general type as the original (f> but involving 
one less symbolical letter, 

p={bcnbdr...b:ci... 

Now PQ does not involve a. It is, moreover, a term of some polar whose index 
r is equal to the order of Q in y. To obtain the form whose rth polar contains 
the term PQ it is only necessary to let y = x in PQ since the latter will then go 
back into the original polarized form (Chap. Ill, Section 1, I). Hence (/) is a term 
of the result of polarizing {PQ)y=x^ times, changing y into a and multiplying 
this result by a^. . Hence by the standard method of transvection </) is a term of 
the transvectant 

{{PQ)y=x,al+Py{r + p=m). (127) 

For illustration consider 

(l)= {ab)^{ac){bc)axbxcl 

Placing a ^ y in {ab)^{ac) we have 

(/»' = -blcl{bc)bxcl ■ a^ 

Placing y ^ X in (f)' we obtain 

(j)" = -{bc)blclax. 

Thus (/) is a term of 

A=i-ibc)blclatf. 

In fact the complete transvectant A is 

19 9 1 

+A= - — {bc){cafaxbl- — {bc){caf{ba)axblcx- — {bc){ca){bafaxbxcl- — {bc){bafa^cl 

and (p is its third term. 

DEFINITION. 

The mechanical rule by which one obtains the transvectant {ab)a™^^b™^^ from 
the product a^b™, consisting of folding one letter from each symbolical form 
a™,b™ into a determinant (ab) and diminishing exponents by unity, is called 
convolution. Thus one may obtain (ab)^ {ac)axb^c^ from {ab)a^b^c'^ by convo- 
lution. 

4.2.2 Theorem on the difference between two terms of a 
transvectant. 

Theorem. (1) The difference between any two terms of a transvectant is equal 
to a sum of terms each of which is a term of a transvectant of lower index of 
forms obtained from the forms in the original transvectant by convolution. 
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(2) The dijference between the whole transvectant and one of its terms is 
equal to a sum of terms each of which is a term of a transvectant of lower index 
of forms obtained from the original forms by convolution (Gordan). 

In proof of this theorem we consider the process of constructing the formula 
for the general rth transvectant in Chapter III, Section 5. In particular we 
examine the structure of a transvectant- like formula (89). Two terms of this 
or of any transvectant are said to be adjacent when they differ only in the 
arrangement of the letters in a pair of symbolical factors. An examination of a 
formula such as (89) shows that two terms can be adjacent in any one of three 
ways, viz.: 

(1) P(aW/3(^'))(a('')/3('=)) and P(aW/3('=))(a('')/3(j')), 

(2) P(a(^)/3(j'))ai'') and P(a('')/?(j))ai^\ 

(3) P(aW/30'))/3i'=) and P(a(^)/3('=))/3i^'\ 

where P involves symbols from both forms /, gr as a rule, and both types of 
symbolical factors. 

The differences between the adjacent terms are in these cases respectively 

(1) P(aWa(''))(/3(j')/3('=)), 

(2) P(aWa(''))/3i^\ 

(3) P(/3('=)/3(j'))ai'\ 

These follow directly from the reduction identities, i.e. from formulas (99), 
(100). 

Now, taking /, g to be slightly more comprehensive than in (89), let 

/=AaW42)...4™), 

where A and B involve only factors of the first type (7(5). Then formula (90) 
holds true; 



U.9Y ^!(™)(»)E 



(aW/?(i))(«(^)/3(2)...(a(")/?(")) 



and the difference between any two adjacent terms of (/, gY is a term in which 
at least one factor of type (a/?) is replaced by one of type {aa') or of type 
(/3/3'). There then remain in the term only t — 1 factors of type (a/3). Hence 
this difference is a term of a transvectant of lower index of forms obtained from 
the original forms f,ghy convolution. 

For illustration, two adjacent terms of ((a6)^a^fe^, c!^)^ are 

{abY{acYblc^, {abY {ac){bc)axbj;C^. 

The difference between these terms, viz. {ab)^{ac)bxC'^, is a term of 

((abYa^b^.c^), 
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and the first form of tfiis latter transvectant may be obtained from {ab)'^a'^b'^ 
by convolution. 

Now let ti, t2 be any two terms of {f,gY . Then we may place between ti, 
^2 a series of terms of (/, gY such that any term of the series, 

^1,^11,^12, • • • ,tli,t2 

is adjacent to those on either side of it. For it is always possible to obtain t2 from 
ti by a finite number of interchanges of pairs of letters,-a pair being composed 
either of two a's or else of two /3's. But 

h-t2 = (ti - til) + (til - ti2) + . . . + (ti - t2), 

and all differences on the right are differences between adjacent terms, for which 
the theorem was proved above. Thus the part (1) of the theorem is proved for 
all types of terms. 

Next if t is any term of {f,gY, we have, since the number of terms of this 
transvectant is 

(/'5r-*=H(^^*'-* (128) 



Hoe)^^'' '^' 



and by the first part of the theorem and on account of the form of the right- 
hand member of the last formula this is equal to a linear expression of terms of 
transvectants of lower index of forms obtained from /, g by convolution. 

4.2.3 Difference between a transvectant and one of its 
terms. 

The difference between any transvectant and one of its terms is a linear combi- 
nation of transvectants of lower index of forms obtained from the original forms 
by convolution. 

Formula (128) shows that any term equals the transvectant of which it is a 
term plus terms of transvectants of lower index. Take one of the latter terms 
and apply the same result (128) to it. It equals the transvectant of index 
s < T of which it is a term plus terms of transvectant of index < s of forms 
obtained from the original forms by convolution. Repeating these steps we 
arrive at transvectants of index between forms derived from the original forms 
by convolution, and so after not more than r applications of this process the 
right-hand side of (128) is reduced to the type of expression described in the 
theorem. 

Now on account of the Theorem I of this section we may go one step farther. 
As proved there every monomial symbolical expression is a term of a determinate 
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transvectant one of whose forms is the simple / = a™ of degree-order {l,m). 
Since the only convolution applicable to the form a™ is the vacuous convolution 
producing a™ itself, Theorem III gives the following result: 

Let (j) be any monomial expression in the symbols of a single form /, and 
let some symbol a occur in precisely r determinant factors. Then (j) equals a 
linear combination of transvectants of index ^ r of a™ and forms obtained from 
{PQ)x=y (cf. (127)) by convolution. 

For illustration 

^={abnbc)'alcl = {{abfalbl4f - {{abf a^b, , 4) + ^((a6)4,4)«. 

It may also be noted that {PQ)y=x and all forms obtained from it by convo- 
lution are of degree one less than the degree of (f) in the coefficients of /. Hence 
by reasoning inductively from the degrees 1, 2 to the degree i we have the result: 

Theorem. Every concomitant of degree i of a form f is given by transvectants 
of the type 

where the forms Ci_i are all concomitants of f of degree i — I. (See Chap. Ill, 
^2, VII.) 

4.3 Reduction of Transvectant Systems 

We proceed to apply some of these theorems. 

4.3.1 Reducible transvectants of a special type. (Ci_i,/)\ 

The theorem given in the last paragraph of Section 2 will now be amplified by 
another proof. Suppose that the complete set of irreducible concomitants of 
degrees < i of a single form is known. Let these be 

/,7i,72,--- ,1k, 

and let it be required to find all irreducible concomitants of degree i. The only 
concomitant of degree unity is / = a™ . All of degree 2 are given by 

{fjy = {abYa^-^b^-\ 

where, of course, r is even. A covariant of degree i is an aggregate of symbolical 
products each containing i symbols. Let C^ be one of these products, and a one 
of the symbols. Then by Section 2 Ci is a term of a transvectant 

where Ci_i is a symbolical monomial containing i — 1 symbols, i.e. of degree 
i — 1. Hence by Theorem II of Section 2, 

Ci = (a_i, fy + ^(a-i/)^'(/ < j), (129) 
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where C^-i is a monomial derived from Ci_i by convolution. Now Ci_i, Ci_i 
being of degree i — 1 are rational integral expressions in the irreducible forms 
/, 7i, . . . , 7fc. That is they are polynomials in /, 71, . . . , 7^, the terms of which 
are of the type 

0i-i = r7r-.-7r- 

Hence Ci is a sum of transvectants of the type 

and since any covariant of /, of degree i is a linear combination of terms of the 
type of Ci, all concomitants of degree i are expressible in terms of transvectants 
of the type 

i^^-l,f)\ (130) 

where 0i_i is a monomial expression in /, 71, . . . , 7^, of degree i — 1, as just 
explained. 

In order to find all irreducible concomitants of a stated degree i we need 
now to develop a method of finding what transvectants of (130) are reducible 
in terms of /, 71, . . . , 7^. With this end in view let (/)i_i = pa, where p, a are 
also monomials in /, 71, . . . , 7^, of degrees < i — 1. Let p be a*form of order n\\ 
p = p^^ , and a = o""^ . Then assume that j ^ n2, the order of a. Hence we have 

(</>i_l,/)^• = (p^^<^a™)^■. 

Then in the ordinary way by the standard method of transvection we have the 
following: 

i^i-ufh = K{p:^aT--^al}y=aa^-^ + ■■■ 

= Kp{aJY + ---. (131) 

Hence ii P2 now represents (it, /)^, then pp2 is a term of (0i-i, /), so that 

{^i-,jy = PP2 + J2&^-lJyHj' < j)- (132) 

Evidently p, p2 are both covariants of degree /Hi and hence are reducible in terms 
of /, 7i , • • • 1 7fc • Now we have the right to assume that we are constructing the 
irreducible concomitants of degree i by proceeding from transvectants of a stated 
index to those of the next higher index, i.e. we assume these transvectants to be 
ordered according to increasing indices. This being true, all of the transvectants 
{(f'i-iT fy at the stage of the investigation indicated by (132) will be known 
in terms of /, 71, • • • , 7^. or known to be irreducible, those that are so, since 
j'/ltj. Hence (132) shows {4>i-i,f) to be reducible since it is a polynomial in 
/, 71, • • • , 7fc and such concomitants of degree i as are already known. 

The principal conclusion from this discussion therefore is that irreducible 
concomitants of degree i are obtained only from transvectants (f/'i-i,/)-' for 
which no factor of order ^ j occurs in (pi-i. Thus for instance if to = 4, (/^, f)^ 
is reducible for all values of j since /^ contains the factor / of order 4 and j 
cannot exceed 4. 

We note that if a form 7 is an invariant it may be omitted when we form 
4>i-i, for if it is present (0i-i, fy will be reducible by (80). 
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4.3.2 Fundamental systems of cubic and quartic. 

Let TO = 3 (cf. Table I). Then / = a^ is the only concomitant of degree 1. 
There is one of degree 2, the Hessian (/, /)^ = A. Now all forms (f)2 of (02, /)■' 
are included in 

</'2 = r A^ 

and either a = 2, j3 = 0, or a = 0, f3 = 1. But (/^,/)-' is reducible for all 
values of j since /^ contains the factor / of order 3 and j ;?^ 3. Hence the only 
transvectants which could give irreducible concomitants of degree 3 are 

(AJY {j = l,2). 

But (A, /)2 = (cf. Table I), hi fact the series 




gives i((/,/)2,/)2 = -((/,/)2,/)2 = -(A,/)2 = 0. Hence there is one irre- 
ducible covariant of degree 3, e.g. 

(A,/) = -Q. 

Proceeding to the degree 4, there are three possibilities for (ps in {(ps, fy . 
These are ^a = fjA,Q- Since j ;^ 3 if,fy,{fA,fyiJ = 1,2,3) are ah 
reducible by Section 3, I. Of {Q, fy {j = 1, 2, 3), (Q, f^ = 0, as has been proved 
before (cf. (102)), and {Q,f) = jA^ by the Gordan series (cf. Table I) 




Hence {Q, f)^ = —R is the only irreducible case. Next the degree 5 must be 
treated. We may have 

ct>i = f\fAJQ,R,A\ 

But R is an invariant, A is of order 2, and Q of order 3. Hence since j ^ S 
in {(p4, fy the only possibility for an irreducible form is (A^,/)^, and this is 
reducible by the principle of I if j < 3. But 

{A\ ft = {5l5'l alf = {5a)\5'a)5', = {S'l {5afa^) = 0. 

For {Saya^ = (A,/)^ = 0, as shown above. Hence there are no irreducible 
concomitants of degree 5. It immediately follows that there are none of degree 
> 5, either, since (jj^ in {4>5,fy is a more complicated monomial than <f)4 in 
the same forms f,A,Q and all the resulting concomitants have been proved 
reducible. 
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Consequently the complete irreducible system of concomitants of /, which 
may be called the fundamental system (Salmon) of / is 

/,A,Q,i?. 

Next let us derive the system for the quartic f;m = A. The concomitants 
of degree 2 are (/, /)^ = H, {f, f)'^ = i. Those of degree 3 are to be found from 

(F,/)^(j= 1,2,3,4). 

Of these (/, H) = T and is irreducible; (/, H)'^ = J is irreducible, and, as has 
been proved, {H,f)^ = gi/ (cf. (124)). Also from the series 




{H, f)^ = 0. For the degree four we have in {(j)^, fy 

^s = fjH,T, 

all of which contain factors of order ^ j ^ 4: except T. From Table II all of the 
transvectants (T, fy{j = 1, 2, 3, 4) are reducible or vanish, as has been, or may 
be proved by Gordan's series. Consider one case; (T, /)^. Applying the series 




we obtain 

((f,H)jr = -{{f,Hyjf - ^{{f,Hfjy. 

But ((/, Hf, ff = li{f, ff = 0; and (/, Hf = from the proof above. Hence 

((/,i7),/)4 = (T,/)4 = 0. 

There are no other irreducible forms since 04 in (04, /)* will be a monomial in 
/, H, T more complicated than 03. Hence the fundamental system of f consists 
of 

f,H,T,i,J; 

It is worthy of note that this has been completely derived by the principles of 
this section together with Gordan's series. 

4.3.3 Reducible transvectants in general. 

In the transvectants studied in (I) of this section, e.g. (0i_i,/)\ the second 
form is simple, / = a™, of the first degree. It is possible and now desirable to 
extend those methods of proving certain transvectants to be reducible to the 
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more general case where both forms in the transvectants are monomials in other 
concomitants of lesser degree. 

Consider two systems of binary forms, an (A) system and a (B) system. Let 
the forms of these systems be 

(A): Ai, A2, . ■ ■ , Ak, of orders oi, 02, . . . , aj; respectively; 
and 

(B): Bi, B2, . ■ . , Bi, of orders 61, 62, • ■ • , ^fc respectively. 
Suppose these forms expressed in the Aronhold symbolism and let 

(j) = A-^'A^'- . . . A^^ V = B^'B^\ . . . Sf . 

Then a system (C) is said to be the system derived by transvection from (A) 
and {B) when it includes all terms in all transvectants of the type 

(0,^)\ (133) 

Evidently the problem of reducibility presents itself for analysis immediately. 
For let 

and suppose that j can be separated into two integers, 

J = Ji +32, 
such that the transvectants 

both exist and are different from zero. Then the process employed in proving 
formula (132) shows directly that (0, ipy contains terms which are products of 
terms of {p, fj,y^ and terms of (cr, vY^ , that is, contains reducible terms. 

In order to discover what transvectants of the (C) system contain reducible 
terms we employ an extension of the method of Paragraph (I) of this section. 
This may be adequately explained in connection with two special systems 

(A) = /, (B) = i, 

where / is a cubic and i is a quadratic. Here 

(c) = (</>, ^)^ = (r,i'')\ 

Since /" must not contain a factor of order > j, we have 

3q; — 3 < j < 3a; j = Sa, 3a — 1, 3a — 2. 

Also 

2/?-2<j<2/3;j = 2A2/?-l. 

Consistent with these conditions we have 

(/, i), (/, i)^ (/, i2)3, (f\iY, (/^ i^, (/^ iY, if, ir, if, ir, if, ir, .... 
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Of these, (/^,i^)^ contains terms of the product {f,i)'^{f,i)'^, that is, reducible 
terms. Also (/^,«^)^ is reducible by {f,i)'^ (/, i^)^. In the same way (/^,i^)^, 
... all contain reducible terms. Hence the transvectants of (C) which do not 
contain reducible terms are six in number, viz. 

f,i,{f,i),{f,i)\{f,iy,{f\iY- 

The reader will find it very instructive to find for other and more complicated 
(A) and (B) systems the transvectants of (C) which do not contain reducible 
terms. It will be found that the irreducible transvectants are in all cases finite 
in number. This will be proved as a theorem in the next chapter. 

4.4 Syzygies 

We can prove that m ia a superior limit to the number of functionally indepen- 
dent invariants and covariants of a single binary form / = a™ of order m. The 
totality of independent relations which can and do subsist among the quantities 

xi,X2,x[,x'2,a'i,ai{i = 0,. . . , to), Ai, A2, /xi, /X2, M = (A;u) 

are m + 4 in number. These are 

a'j^ = a™^^al^(i = 0, . . . , to.); xi = Xix'^ + l^ix'2, X2 = \2'^\ + 1^2X2, 

M = Ai^2 - A2/X1. 

When one eliminates from these relations the four variables Xi, X2, fJ-i, fJ,2 there 
result at most to relations. This is the maximum number of equations which can 
exist between a'j^,ai{i = 0, . . . ,m),xi,X2,x'^,x'2, and M. That is, if a greater 
number of relations between the latter quantities are assumed, extraneous con- 
ditions, not implied in the invariant problem, are imposed upon the coefficients 
and variables. But a concomitant relation 

0(ao, . . . ,a'„,Xi,X2) = M'^4){ao, . . . ,am,xi,X2) 

is an equation in the transformed coefficients and variables, the untransformed 
coefficients and variables and M. Hence there cannot be more than to. alge- 
braically independent concomitants as stated. 

Now the fundamental system of a cubic contains four concomitants which are 
such that no one of them is a rational integral function of the remaining three. 
The present theory shows, however, that there must be a relation between the 
four which will give one as a function of the other three although this function 
is not a rational integral function. Such a relation is called a syzygy (Cayley). 
Since the fundamental system of a quartic contains five members these must also 
be connected by one syzygy. We shall discover that the fundamental system of 
a quintic contains twenty-three members. The number of syzygies for a form of 
high order is accordingly very large. In fact it is possible to deduce a complete 
set of syzygies for such a form in several ways. There is, for instance, a class of 
theorems on Jacobians which furnishes an advantageous method of constructing 
syzygies. We proceed to prove these theorems. 
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4.4.1 Reducibility of ((/, g),h). 

Theorem. // f,g,h are three binary forms, of respective orders n,m,p all 
greater than unity, the iterated Jacohian {{f,g),h) is reducible. 

The three series 




'h f g\ 

p n m \ , 

.0 1 1/ 

'g h /^ 

m p n 

1 1, 



give the respective results 

((/,5)» = ((/», 5) + 

-{(h,f),g) = -{(h,g),f) 



p-1 
n-\- p — 2 

TO — 1 



m-\- p — 2 



if,hfg- 



{Kgff 



m — 1 
m -\- n — 2 

n — 1 



n-\- p — 2 



{hjfg, 



((5, h)J) = ((5, f),h)+ ""^ } (g, ffh - J^ } (g, hff. 



TO. + n — 2 



m + p — 2 



We add these equations and divide through by 2, noting that (/, g) = —{g,f), 
and obtain 

((/, 9),h)= ^. """^ .. (/, gfh + \{f, hfg - \{g, hff. (134) 

2{m -\- n — 2) 2 2 

This formula constitutes the proof of the theorem. It may also be proved 
readily by transvection and the use of reduction identity (101). 

4.4.2 Product of two Jacobians. 

Theorem. If e = a™, / = b",g = cP,h = d| are four binary forms of orders 
greater than unity, then 



{eJ)ig,h) = -^{e,gffh+^-)e,hffg+^-{f,gfeh-^(f,gfeg. (135) 

We first prove two new symbolical identities. By an elementary rule for 
expanding determinants 



= —{ab){bc){ca). 



a? 


aia2 


aj 


bi 


bib2 


q 


ct 


ClC2 


4 
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He 



h\ 6162 62 ^2 — 2e2ei ef 
cl CIC2 c\ Jl -2hh !l 
= 2{ab){bc){ca)ide){ef){fd) 

{adf (ae)2 {aff 
{hdf (6e)2 (6/)2 
(cd)2 (ce)2 (c/)2 

In this identity set ci = —2:2, C2 = xi, /i = — X2, f2 = xi. 
Then (136) gives the identity. 



2{ah){de)axhxdxex = 



{adf 


{aef al 


{bdf 


(be)' hi 


dl 


el 



We now have 



(e,/)(5,/i) = (a,6)(c,d)a™-i6ricridri 



= \<-'bT'cl-'di-' 



{hcY {bdy 



(136) 



(137) 



4 

by (137). Expanding the right-hand side we have formula (135) immediately. 



4.5 The square of a Jacobian. 

The square of a Jacobian J = (/, g) is given by the formula 

-2 J2 = (/, ffg' + {g, gff - 2(/, gffg. (138) 

This follows directly from (135) by the replacements 

(i = LI = 9,9 = I,h = g. 

4.5.1 Syzygies for the cubic and quartic forms. 

In formula (138) let us make the replacements J = Q, f = f, g = A, where / is 
a cubic, A is its Hessian, and Q is the .lacobian (/, A) . Then by Table I 



S=2Q^ + A^ + RF^ = 0. 



(139) 



This is the required syzygy connecting the members of the fundamental system 
of the cubic. 

Next let /, H, T, i, J be the fundamental system of a quartic /. Then, since 
T is a .lacobian, let ,J = T, f = f, g = H in (138), and we have 



-2T^ = H-"- 2(/, HyfH + {H, Hy f\ 
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But by Table II 

(/, H)' = ^if, {H, Hf = ^(2 J/ - iH). 
Hence we obtain 

S=2T^+H^ -UfH+^jf = 0. (140) 

This is the syzygy connecting the members of the fundamental system of the 
quartic. 

Of the twenty-three members of a system of the quintic nine are expressible 
as Jacobians (cf. Table IV, Chap. VI). If these are combined in pairs and 
substituted in (135), and substituted singly in (138), there result 45 syzygies 
of the type just derived. For references on this subject the reader may consult 
Meyer's "Bericht ueber den gegenwartigen Stand der Invariantentheorie" in the 
Jahresbericht der Deutschen Mathematiker-Vereinigung for 1890-91. 

4.5.2 Syzygies derived from canonical forms. 

We shall prove that the binary cubic form, 

/ = qqXi + 3aiXjX2 + 3a2XiX2 + a^X2, 
may be reduced to the form, 

by a linear transformation with non- vanishing modulus. In general a binary 
quantic / of order m has m -\- I coefficients. If it is transformed by 

T : xi = Xix'^ + ^12^2 7 2:2 = X2x'i + /^2^2 7 

four new quantities Xi, fii, X2, fi2 are involved in the coefficients of /'. Hence 
no binary form of order m with less than m — 3 arbitrary coefficients can be 
the transformed of a general quantic of order TO by a linear transformation. 
Any quantic of order m having just m — 2> arbitrary quantities involved in its 
coefficients and which can be proved to be the transformed of the general form / 
by a linear transformation of non- vanishing modulus is called a canonical form 
of /. We proceed to reduce the cubic form / to the canonical form X + Y . 
Assume 

/ = aQxl + ... = pi{xi + aiX2f + P2{xi + a2X2f = X^ + Y^. (140i) 

This requires that / be transformable into its canonical form by the inverse of 
the transformations 

11 \ \ 

S ■■ X = pIxi +Plaix\,Y = p|xi +p^a2X2- 
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We must now show that pi,p2, cxi, ai may actually be determined, and that the 
determination is unique. Equating coefficients in (140i) we have 



Pi +P2 = ao, 
aipi + a2V2 = ai, 

as. 



(I4O2) 



afpi 
afpi 



alp2 



alp2 



Hence the following matrix, M, must be of rank 2: 



M = 



1 
1 



a\ 

Oi2 



an 



a. 



a2 as 



From M = result 



\ ai a^ 1 a\ 

1 a2 02 = ^T \ a2 

uq ai a2 ai a2 

Expanding the determinants we have 



as 



= 0. 



1 



-A 



ao 
ai 

el 



a2 
as 



0. 



Pao + Qai + Ra2 = 0, 
Pai + Qa2 + Ras = 0, 

Also, evidently 

P + Qai + Raf = 0(i = 1,2) 

Therefore our conditions will all be consistent if ai , a2 are determined as the 
roots, ^1 -^ ^2, of 

a\ 

a2 

This latter determinant is evidently the Hessian of /, divided by 2. Thus the 
complete reduction of / to its canonical form is accomplished by solving its 
Hessian co variant for the roots ai,a2, and then solving the first two equations 
of (I4O2) for pi,P2. The inverse of 5* will then transform / into X^ + Y^. The 
determinant of S is 

D = {pi ■P2)^{a2 - ai), 

and D 7^ unless the Hessian has equal roots. Thus the necessary and sufficient 
condition in order that the canonical reduction be possible is that the discrim- 
inant of the Hessian (which is also the discriminant, R, of the cubic /) should 
not vanish. If i? = 0, a canonical form of / is evidently X^Y . 

Among the problems that can be solved by means of the canonical form are, 
(a) the determination of the roots of the cubic / = from 



X'^ + Y^ = {X + Y)(X + ujY){X + uj^Y). 
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bj being an imaginary cube root of unity, and (6) the determination of the 
syzygy among the concomitants of /. We now solve problem (6). From Table 
I, by substituting ao = a3 = 1,q;i = q;2 = 0, we have the fundamental system 
of the canonical form: 

x^ + y^ 2xy, x^ - y^ -2. 

Now we may regard the original form / to be the transformed form of X^ + Y^ 
under S . Hence, since the modulus of S is Z), we have the four invariant relations 

/ = x3 + y^ 

A = 2D^XY, 

Q = D^(X^-Y^), 

R= -D^ -2. 



It is an easy process to eliminate D, X,Y from these four equations. The result 
is the required syzygy: 

fR + 2Q^ + A^ = 

A general binary quartic can be reduced to the canonical form (Cayley) 

X^ + Y^ + 6mX^Y^; 

a ternary cubic to the form (Hesse) 

X^ + Y^ + Z^ + GmXYZ. 

An elegant reduction of the binary quartic to its canonical form may be 
obtained by means of the provectant operators of Chapter III, Section I, V. We 
observe that we are to have identically 

/ = (ao,ai, . . .,a4)(xi,X2)'' = Xf + X| + 6mXfX|, 

where Xi , X2 are linear in xi , X2 ; 

Xi = aixi + a2X2,X2 = ftxi + 132X2- 

Let the quadratic XiA'2 he q= {Aq,A\, A2){xi,X2)'^ ■ Then 

dq. X^ = {A,,A,^A2)[J^^,-^^\^ = Hj = 1.2). 

6mdq ■ Xlxl = 12 • 2(4^0^2 - Al)mXiX2 = 12AA:iX2. 

Equating the coefficients of x\,x\X2tx'2 in the ffist equation above, after oper- 
ating on both sides by 9g, we now have 

Aoa2 - Aiai + ^200 = AAq, 

Aoas - Aia2 + ^201 = -XAq, 

Aoa4 - Aia'i + ^202 = AA2. 
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Forming the eliminant of these we have an equation which determines A, and 
therefore m, in terms of the coefficients of the original quartic /. This eliminant 
is 

qq ai a2 — \ 

ai a2 +2^ c-a = 0, 
a2 — X as 0,4, 

or, after expanding it, 

A^- -i\- -J=0, 
2 3 

where i, J are the invariants of the quartic / determined in Chapter III, §1, V. 
It follows that the proposed reduction of / to its canonical form can be made 
in three ways. 

A problem which was studied by Sylvester, the reduction of the binary 
sextic to the form 

Xl +xl+Xl+ iQmXlXlXl, 

has been completely solved very recently by E. K. Wakeford.^ 

4.6 Hubert's Theorem 

We shall now prove a very extraordinary theorem due to Hilbert on the reduction 
of systems of quantics, which is in many ways closely connected with the theory 
of syzygies. The proof here given is by Gordan. The original proof of Hilbert 
may be consulted in his memoir in the Mathematische Annalen, volume 36. 

4.6.1 Theorem 

Theorem. If a homogeneous algebraical function of any number of variables be 
formed according to any definite laws, then, although there may be an infinite 
number of functions F .satisfying the conditions laid down, nevertheless a finite 
number Fi, F2, . . . , Fr can always be found .so that any other F can be written 
in the form, 

F=AiFi+A2F2 + ---+ArFr, 

where the A ' s are homogeneous integral functions of the variables but do not 
necessarily satisfy the conditions for the F 's. 

An illustration of the theorem is the particular theorem that the equation of 
any curve which passes through the intersections of two curves i^i = 0, _F2 = 
is of the form 

Here the law according to which the F's are constructed is that the correspond- 
ing curve shall pass through the stated intersections. There are an infinite 
number of functions satisfying this law, all expressible as above, where Ai , A2 

^Cambridge and Dublin Mathematical Journal, vol. 6 (1851), p. 293. 
^Messenger of Mathematics, vol. 43 (1913-14), p. 25. 
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are homogeneous in xi,a;2,X3 but do not, as a rule, represent curves passing 
through the intersections. 

We first prove a lemma on monomials in n variables. 

Lemma 1. // a monomial x-y^X2^ ...x„", where the k's are positive integers, 
be formed so that the exponents ki . . . ,kn satisfy prescribed conditions, then, 
although the number of products satisfying the given conditions may be infinite, 
nevertheless a finite number of them, can be chosen so that every other is divisible 
by one at least of this finite number. 

To first illustrate this lemma suppose that the prescribed conditions are 

2fci + 3A:2 - A:3 - A:4 = 0, (141) 

^1 + ^4 = ^2 + ^3- 

Then monomials satisfying these conditions are 

225523 22 43 

X-t XoXnXA^j X-i XnX^.^ X'2X^Xa^ X-i X^XoXa^ . . . 

and all are divisible by at least one of the set x\x\x 4^^X2X^x1^. 

Now if n = 1, the truth of the lemma is self-evident. For all of any set of 
positive powers of one variable are divisible by that power which has the least 
exponent. Proving by induction, assume that the lemma is true for monomials 
of n — 1 letters and prove it true for n letters. 

Let K = x-^^X2^ ■ ■ ■ a;„" be a representative monomial of the set given by the 
prescribed conditions and let P = x'^^x'^^ . . .x'^ be a specific product of the 
set. If K is not divisible by P, one of the numbers k must be less than the 
corresponding number a. Let k^ < a^. Then k^ has one of the series of values 

0, 1,2, . . . ,ar - ^, 

that is, the number of ways that this can occur for a single exponent is finite 
and equal to 

iV = oi + 02 + . . . + a„ . 

The cases are 

fci equals one of the series 0, 1, • • • , oi — 1; (ai cases), 

^2 equals one of the series 0, 1, • • • , 02 — 1; (02 cases), (142) 

etc. 

Now let kj. = m and suppose this to be case number p of (142). Then the n — 
1 remaining exponents fci, fc2, • • • , ^t-i, fcr+i, • • • , ^n satisfy definite conditions 
which could be obtained by making kr = m in the original conditions. Let 

be a monomial of the system for which fc^ = J™- Then K' contains only to — 1 
letters and its exponents satisfy definite conditions which are such that x^K' 
satisfies the original conditions. Hence by hypothesis a finite number of mono- 
mials of the type K' say, 

Li,L2, • • • ,Laj,, 
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exist such that ah monomials K' are divisible by at least one L. Hence Kp = 
x™K' is divisible by at least one L, and so by at least one of the monomials 

Also all of the latter set of monomials belong to the original system. Thus in 
the case number p in (142) K is divisible by one of the monomials 

Now suppose that K is not divisible by P . Then one of the cases (142) certainly 
arises and so K is always divisible by one of the products 

m[^\m[^\ • • • , m['''\m^P,M^^\ ■■■ , M^"^\ • • • , M^""\ 

or else by P. Hence if the lemma holds true for monomials in n — 1 letters, it 
holds true for n letters, and is true universally. 

We now proceed to the proof of the main theorem. Let the variables be 
Xi, . . . , X„ and let i^ be a typical function of the system described in the theorem. 
Construct an auxiliary system of functions r] of the same variables under the 
law that a function is an ry function when it can be written in the form 

ri = Y.AF (143) 

where the A's are integral functions rendering ry homogeneous, but not otherwise 
restricted except in that the number of terms in ry must be finite. 

Evidently the class of 77 functions is closed with respect to linear operations. 
That is, 

EB77 = Bi-qi + 82^ + . . . = Y.BAF = Y.A'F 

is also an rj function. Consider now a typical 77 function. Let its terms be 
ordered in a normal order. The terms will be defined to be in normal order if 
the terms of any pair, 

S = Xi X2 ■■■Xn ,T = Xl'X2 ■■■Xu- 

are ordered so that if the exponents a,b oi S and T are read simultaneously 
from left to right the term first to show an exponent less than the exponent in 
the corresponding position in the other term occurs farthest to the right. If the 
normal order of S, T is {S, T), then T is said to be of lower rank than S. That 
is, the terms of 77 are assumed to be arranged according to descending rank and 
there is a term of highest and one of lowest rank. By hypothesis the ry functions 
are formed according to definite laws, and hence their first terms satisfy definite 
laws relating to their exponents. By the lemma just proved we can choose a 
finite number of 77 functions, 771 , 772 , . . . ?7p such that the first term of any other 
77 is divisible by the first term of at least one of this number. Let the first term 
of a definite 77 be divisible by the first term of 77^^ and let the quotient be Pi. 
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Then rj — Pirj^^ is an ry function, and its first term is of lower rank than the 
first term of rj. Let this be denoted by 

Suppose next that the first term of rj^^' is divisible by r/m^ ; thus, 

and the first term of r]^'^' is of lower rank than that of rj^^K Continuing, we 
obtain 

Then the first terms of the ordered set 

^,r;W,r;(2),...,r;«,... 

are in normal order, and since there is a term of lowest rank in r] we must have 
for some value of r 

ry^'') = Pr+irjnir+i. 

That is, we must eventually reach a point where there is no rj function r/v+i) of 
the same order as rj and whose first term is of lower rank than the first term of 
77''"^ Hence 

V = PlVrm + P2?7m2 + • ■ • + Pr+lVm,.+i (144) 

and all ry's on the right-hand side are members of a definite finite set 

Vi,V2, ■■■,!?■ 

But by the original theorem and (143), every F is itself an 77 function. Hence 
by (144) 

F=AiFi+A2F2 + ... + ArFr (145) 

where Fi{i = 1, . . . , r) are the F functions involved linearly in rii,ri2, . . . ,rip. 
This proves the theorem. 



4.6.2 Linear Diophantine equations. 

If the conditions imposed upon the exponents k consist of a set of linear Dio- 
phantine equations like (141), the lemma proved above shows that there exists 
a set of solutions finite in number by means of which any other solution can be 
reduced. That is, this fact follows as an evident corollary. 
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Let us treat this question in somewhat fuller detail by a direct analysis of the 
solutions of equations (141). The second member of this pair has the solutions 





fci, 


fc2, 


fc3, 


h 


(1) 








1 


1 


(2) 





1 





1 


(3) 


1 





1 





(4) 


1 


1 








(5) 


2 


1 


1 





(6) 








1 


1 



Of these the fifth is obtained by adding the first and the fourth; the sixth is 
reducible as the sum of the third and the fourth, and so on. The sum or difference 
of any two solutions of any such linear Diophantine equation is evidently again a 
solution. Thus solutions (1), (2), (3), (4) of ^1 + ^4 = ^2 + ks form the complete 
set of irreducible solutions. Moreover, combining these, we see at once that the 
general solution is 

(I) ki = x + y,k2 = x + z,k3 = y + w,ki = z + w. 

Now substitute these values in the first equation of (141) 

2fci +3fc2-3fc3- fc4 = 0. 

There results 

5x -\- y -\- 2z = 2w 

By the trial method illustrated above we find that the irreducible solutions of 
the latter are 

X = 2,w = 5,y = 2,w = I; z = l,w = l;x = l,y = 1,^ = 3, 

where the letters not occurring are understood to be zero. The general solution 
is here 

(II) x=2a-\-d,y = 2b-\-d, z = c,w = 5a-\-b-\-c-\- Sd, 

and if these be substituted in (/) we have 

ki = 2a + 2b+ 2dk2 = 2a + c+ dks = 5a + 3b+ c + Adk^^ = 5a + 6 + 2c + 3(i 
Therefore the only possible irreducible simultaneous solutions of (141) are 

fci, k2, fcs, ^4 

(1) 2 2 5 5 

(2) 2 3 1 

(3) 1 1 2 

(4) 2 1 4 3 



106 CHAPTER 4. REDUCTION 

But the first is the sum of solutions (3) and (4) ; and (4) is the sum of (2) and 
(3) . Hence (2) and (3) form the complete set of irreducible solutions referred to 
in the corollary. The general solution of the pair is 

fci = 2a, fc2 = /3, ^3 = 3a, k^ = a -\- 2/3. 

The corollary may now be stated thus: 

Corollary 1. Every simultaneous set of linear homogeneous Diophantine equa- 
tions possesses a set of irreducible solutions, finite in number. 

A direct proof without reference to the present lemma is not difficult."* Ap- 
plied to the given illustration of the above lemma on monomials the above 
analysis shows that if the prescribed conditions on the exponents are given by 
(141) then the complete system of monomials is given by 

^2a 6 3a+/9 a+2/3 



L. 1 XO J^O 



X A 



where a and /3 range through all positive integral values independently. Every 
monomial of the system is divisible by at least one of the set 

2 3 2 

Xi XnX^, X'2X^X A, 

which corresponds to the irreducible solutions of the pair (141). 

4.6.3 Finiteness of a system of syzygies. 

A syzygy S among the members of a fundamental system of concomitants of a 
form (cf. (140)) /, 

/i,/2, . . .,/^ 

is a polynomial in the J's formed according to the law that it will vanish iden- 
tically when the /'s are expressed explicitly in terms of the coefficients and 
variables of /. The totality of syzygies, therefore, is a system of polynomials 
(in the invariants /) to which Hilbert's theorem applies. It therefore follows at 
once that there exists a finite number of syzygies, 

Si,S2, ■ . ■ ,Si, 

such that any other syzygy S is expressible in the form 

S=CiSi + C2S2 + --- + C,S, (146) 

Moreover the C's, being also polynomials in the /'s are themselves invariants of 
/. Hence 

Theorem. The number of irreducible syzygies among the concomitants of a 
form f is finite, in the sense indicated by equation (1^6). 



*Elliott, Algebra of Qualities, Chapter IX. 
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4.7 Jordan's Lemma 

Many reduction problems in the theory of forms depend for their solution upon 
a lemma due to Jordan which may be stated as follows: 

Lemma 2. //U1+W2+M3 = 0, then any product of powers ofui,U2,U3 of order 
n can be expressed linearly in terms of .such products as contain one exponent 
equal to or greater than -^n. 

We shall obtain this result as a special case of a considerably more general 
result embodied in a theorem on the representation of a binary form in terms 
of other binary forms. 

Theorem. // a^;, h^^ c^, ■ . ■ are r distinct linear forms, and A, B,C, . . . are bi- 
nary forms of the respective orders a, /?, 7, . . . where 

a + /? + 7+... = n — r+1 

then any binary form f of order n can be expressed in the form 

f = a^-^A + h^-^B + C^-^C +..., 

and the expression is unique. 

As an explicit illustration of this theorem we cite the case n = 3, r = 2. 
Then a -\- (3 = 2,a = (3 = 1. 

/ = alipQQXi +PQ1X2) + blipiQXi +P11X2) (147) 

Since /, a binary cubic, contains four coefficients it is evident that this relation 
(147) gives four linear nonhomogeneous equations for the determination of the 
four unknowns j5oO)Poi,PiO)Pii- Thus the theorem is true for this case provided 
the determinant representing the consistency of these linear equations does not 
vanish. Let a^ = ayXi -\-a2X2, b^ = byXi +62X2, and D = aib2 — 0261. Then the 
aforesaid determinant is 



2aia2 



This equals I?"*, and D ^ O on account of the hypothesis that a^ and b^ are 
distinct. Hence the theorem is here true. In addition to this we can solve for 
the py and thus determine A, B explicitly. In the general case the number of 
unknown coefficients on the right is 

a + /? + 7+... + r = n+l 

Hence the theorem itself may be proved by constructing the corresponding con- 
sistency determinant in the general case;^ but it is perhaps more instructive to 
proceed as follows: 






b\ 





9 

ai 


26162 


hi 


2aia2 


hi 


26162 


al 





hi 



'Cf. Transactions Amer. Math. Society, Vol. 15 (1914), p. 80. 
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It is impossible to find r binary forms A, B,C\ . . . of orders a, /?, 7, . . . where 

a + /3 + 7+... = n-r + l, 

such that, identically, 

E = a^-'^A + h^-f^B + c^-TC + . . . = 0. 

In fact suppose that such an identity exists. Then operate upon both sides of 
this relation a + 1 times with 

d d , 

A = 02^ a\-^ — (Oj; = aixi + a2X2J. 

Let p" be any form of order n and take 02 = 0. Then 

-|- . . . -|- h,„—aUi (/2 -^2 ' 

where the fc's are numerical. Hence A^+^gr" cannot vanish identically in case 
02 = 0, and therefore not in the general case 02 7^ 0, except when the last n — a 
coefficients of 5" vanish: that is, unless 5" contains a"^" as a factor. Hence 

A^'+^E = bl-"-^-^B' + d^-^-^-^C + . . . , 

where B', C" are of orders /Sjj, . . . respectively. Now A^+^i? is an expression of 
the same type as E, with r changed into r — 1 and n into n— a— I, as is verified 
by the equation 

/3 + 7+... = (n — a— 1) — (r— l) + l = n — r + 1 — a 

Thus if there is no such relation as _B = for r — 1 linear forms a^^h^, . ■ ■ ^ 
there certainly are none for r linear forms. But there is no relation for one 
form (r = 1) save in the vacuous case (naturally excluded) where A vanishes 
identically. Hence by induction the theorem is true for all values of r. 

Now a count of coefficients shows at once that any binary form / of order 
n can be expressed linearly in terms of n + 1 binary forms of the same order. 
Hence / is expressible in the form 

/ = a^-°A + b^-^B + c'i^-^D + • • • . 

That the expression is unique is evident. For if two such were possible, their 
difference would be an identically vanishing expression of the type i? = 0, and, 
as just proved, none such exist. This proves the theorem. 
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4.7.1 Jordan's lemma. 

Proceeding to the proof of the lemma, let U3 = — (wi + U2), supposing that 
ui,U2 replace the variables in the Theorem I just proved. Then M3,wi,U2 are 
three linear forms and the Theorem I applies with r=3, a + /3 + 7 = n — 2. 
Hence any homogeneous expression f in ui,U2, M3 can be expressed in the form 

u^^-^A + u^-'^B + u^^-^C, 

or, if we make the interchanges 

n — a n — (3 n — 7 
A /i z/ 

in the form 

u^A + ui^B + ulC, (148) 

where 

\ + li + v = 2n + 2. (149) 

Again integers A, ji, v may always be chosen such that (149) is satisfied and 

A =^ -n, a ^ -n, v =^ -n. 

Hence Jordan's lemma is proved. 

A case of three linear forms Ui for which wi + M2 + W3 = is furnished by 
the identity 

{ah)cx + {hc)ax + {ca)hx = 0. 

If we express A in (148) in terms of ui, M2 by means of ui + U2 + wa = 0, B 
in terms of U2,U3, and C in terms of W3,wi, we have the conclusion that any 
product of order n of {ab)cx, {bcja^, {cajb^ can be expressed linearly in terms of 

{abrc:^, {abr-\bc)c:-'a,, {abr-\bc)'c:-'al . . . , 

iab)\bcr-^c^,a:-\ 
{bcTaZ, {bcr-\ca)al-H^, {bcy-^caf a^-Hl . . . , 

{bcY{caY-''ani-i' (150) 

{caTbl, {car-HabK-^c^, {car-'iabfb^-'cl ..., 

{car{abr-'^b:c: 



-v-uj jn — f 



where 



A ^ -n, M ^ -n, i^ =^ -n. 
-3,^-3, _ 3 



It should be carefully noted for future reference that this monomial of order n in 
the three expressions {ab)cx, {bc)ax, {cajbx is thus expressed linearly in terms of 
symbolical products in which there is always present a power of a determinant 
of type (ab) equal to or greater than ^n. The weight of the coefficient of the 
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leading term of a covariant is equal to the number of determinant factors of the 
type (ab) in its symbolical expression. Therefore (150) shows that if this weight 
w of a covariant of / does not exceed the order of the form / all covariants 
having leading coefficients of weight w and degree 3 can be expressed linearly in 
terms of those of grade not less than |w. The same conclusion is easily shown 
to hold for covariants of arbitrary weight. 



4.8 Grade 

The process of finding fundamental systems by passing step by step from those 
members of one degree to those of the next higher degree, illustrated in Section 
3 of this chapter, although capable of being applied successfully to the forms 
of the first four orders fails for the higher orders on account of its complexity. 
In fact the fundamental system of the quintic contains an invariant of degree 
18 and consequently there would be at least eighteen successive steps in the 
process. As a proof of the finiteness of the fundamental system of a form of 
order n the process fails for the same reason. That is, it is impossible to tell 
whether the system will be found after a finite number of steps or not. 

In the next chapter we shall develop an analogous process in which it is 
proved that the fundamental system will result after a finite number of steps. 
This is a process of passing from the members of a given grade to those of the 
next higher grade. 



4.8.1 Definition. 

The highest index of any determinant factor of the type (ab) in a monomial sym- 
bolical concomitant is called the grade of that concomitant. Thus {ab)'^{ac)^b^c^ 
is of grade 4. The terms of covariants (84), (87) are each of grade 2. 

Whereas there is no upper limit to the degree of a concomitant of a form / 
order n, it is evident that the maximum grade is n by the theory of the Aronhold 
symbolism. Hence if we can find a method of passing from all members of the 
fundamental system of / of one grade to all those of the next higher grade, this 
will prove the finiteness of the system, since there would only be a finite number 
of steps in this process. This is the plan of the proof of Gordan's theorem in 
the next chapter. 

4.8.2 Grade of a covariant. 

Theorem. Every covariant of a single form f of odd grade 2A — 1 can be 
transformed into an equivalent covariant of the next higher even grade 2A. 

We prove, more explicitly, that if a symbolical product contains a factor 
(ab)^ it can be transformed so as to be expressed in terms of products each 
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containing the factor (ab)"^ . Let A be the product. Then by the principles of 
Section 2A is a term of 

Hence by Theorem III of Section 2. 

A = ((a6)2^-ia^+i-2A5n+i-2A^ ^y ^ J2 i^(((a6)2A-iaS+"i-2A^„+i-2A^ ^y'^ 

(151) 
where 7' < 7 and is a concomitant derived from (j) by convolution, K being 
numerical. Now the symbols are equivalent. Hence 

ij = (a6)2^-la^+l-2A;,n+l-2A ^ _(^^)2A-1^„+1-2A^«+1-2A ^ q 

Hence all transvectants on the right-hand side of (151), in which no convolution 
in ip occurs, vanish. All remaining terms contain the symbolical factor (06)^, 
which was to be proved. 

DEFINITION. A terminology borrowed from the theory of numbers will now 
be introduced. A symbolical product. A, which contains the factor {aby is said 
to be congruent to zero modulo {abY; 

^ = 0(mod (abY). 

Thus the covariant (84) 

1 2 

C = :^{abY {baY alux + -{abY{aa){ba)axbxax 



gives 



2 
C= -{ab) {aa){ba)axbxOix{v[iod{ba) ). 



4.8.3 Covariant congruent to one of its terms 

Theorem. Every covariant of f = a" = b^ = . . . which is obtainable as a 
covartant of{fjY^ = dlx^^^ = {abY^ a^-'^H^^'^^ (Chap. II, U) «« congruent 
to any definite one of its own terms modulo (afe)^ +^. 

The form of such a concomitant monomial in the g symbols is 

A = {gig2Y{9ig3Y ■ ■ ■ gix92x ■ ■ ■ 

Proceeding by the method of Section 2 of this chapter change gi into y; i.e. 
511 = 1/2,912 = —j/i- Then A becomes a form of order 2n—4fc in J/, viz. af^^ = 
Pl'^-'^'' = .... Moreover 



A _ t^2n-Ak 2n-4k\2n-ik _ /^2n-4k / „i\2k „n-2k L,n-2k\2n-ik 
^ — \0!y ,9ly ) — y'^y ' l^fJ ^V "v I ' 
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by the standard method of transvection. Now this transvectant A is free from y. 
Hence there are among its terms expressed in the symbols of / only two types 
of adjacent terms, viz. (cf. §2, II) 

{da){eb)P, {db){ea)P. 

The difference between A and one of its terms can therefore be arranged as 
a succession of differences of adjacent terms of these two types and since P 
involves {ah) any such difference is congruent to zero modulo (a6)^ +^, which 
proves the theorem. 

4.8.4 Representation of a covariant of a covariant. 

Theorem. If n^ Ak, any covariant of the covariant 

gl^-^^ = (a6)2'=ar2'c^n-2fc 

is expressible in the form 

^C2fc+i + (afe)t(6c)t(ca)tr, (152) 

where C2k+1 represents a covariant of grade 2fc + 1 at least, the second term 
being absent (F =0) if n is odd. 

Every covariant of g^"^ of a stated degree is expressible as a linear com- 
bination of transvectants of ff^"^ with covariants of the next lower degree (cf. 
§2, III). Hence the theorem will be true if proved for T = (s^"^*'^, 5^"^^'^)^ 
the covariants of second degree of this form. By the foregoing theorem T is 
congruent to any one of its own terms mod (a6)^ +^. Hence if we prove the 
present theorem for a stated term of T, the conclusion will follow. In order to 
select a term from T we first find T by the standard transvection process (cf. 
Chap. Ill, §2). We have after writing s = n — 2k for brevity, and a J 6* = a^" 

T = {abf'icdf^ J2 HM<"*'^^"'^* • (c«)*(da)--*a2t-. (153) 

t=0 \a) 

Now the terms of this expression involving a may be obtained by polarizing 
a^* t times with respect to y, a — t times with respect to z, and changing y into 
c and z into d. Performing these operations upon a'^b'^ we obtain for T, 



t=0 «=0'y = 

xaJ-"-"6J-<^+"+VJ-*dJ-<^+*, (154) 



where Ktuv is numerical. Evidently a is even. 

We select as a representative term the one for which t = a, u = v = 0. 
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This is 



Assume n ^ 4fc. Then by Section 6, 

can be expressed in terms of covariants whose grade is greater than 2k unless 
a = 2k = ^. Also in the latter case i/j is the invariant 

■0 = (ab)^ (bc)^ (ca)^ . 

It will be seen at once that n must then be divisible by 4. Next we transform <j) 
by {cd)ax = {ad)cx — {acjdx. The result is 

cp' = Y,\ '!']{abf^{hcY{cay{adf''-'al-^Hl-'^''-''cl-''-'dl-'^^+\ 
i=o ^ * ^ 

(I) Now if (T > fc, we have from Section 6 that is of grade > j • 3fc, i.e. 
> 2A:, or else contains {ab)^ (bcj^ (ca)^ i.e. 

= ^C'2fc+i + (afe)t(6c)t(ca)tT. (155) 

(II) Suppose then aleqqk. Then in cj)' , since i = 2k has been treated under 
if) above, we have either 

{a)i ^ fc, 

or 

(fe)2fc -i> k. 

In case (a) (155) follows directly from Section 6. In case (6) the same con- 
clusion follows from the argument in (I). Hence the theorem is proved. 
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Chapter 5 

GORDAN'S THEOREM 



We are now in position to prove the celebrated theorem that every concomitant 
of a binary form / is expressible as a rational and integral algebraical function of 
a definite finite set of the concomitants of /. Gordan was the first to accomplish 
the proof of this theorem (1868), and for this reason it has been called Gordan's 
theorem. Unsuccessful attempts to prove the theorem had been made before 
Gordan's proof was announced. 

The sequence of introductory lemmas, which are proved below, is that which 
was first given by Gordan in his third proof (cf. Vorlesungen uber Invarianten- 
theorie. Vol. 2, part 3). ^ The proof of the theorem itself is somewhat simpler 
than the original proof. This simplification has been accomplished by the the- 
orems resulting from Jordan's lemma, given in the preceding chapter. 

5.1 Proof of the Theorem 

We proceed to the proof of a series of introductory lemmas followed by the 
finiteness proof. 

5.1.1 Lemma 

Lemma 3. // (A) : Ai,A2,... ,Ak is a system of binary forms of respective 
orders ai,a2, ■ ■ ■ ,ak, o-nd (B) : Bi, 82, ■ ■ ■ , Bi, a system, of respective orders by 
61,62, ■ ■ ■ ,bi, and if 

cf) = A°' A°^ . . . A"" , ^/> = Bf^S^^..sf' 

denote any two products for which the a's and the (3's are all positive integers 
(or zero), then the number of transvectants of the type of 

which do not contain reducible terms is finite. 



^Cf. Grace and Young; Algebra of Invariants (1903). 
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To prove this, assume that any term of r contains p symbols of the forms 
A not in second order determinant combinations with a symbol of the B forms, 
and a symbols of the iJ's not in combination with a symbol of the A's. Then 
evidently we have for the total number of symbols in this term, from (A) and 
(B) respectively, 

aiai + a2a2 + . . . + akak = p + j, 
hl3i + b2f32 + ... + bi(3i = a+j. (156) 

To each positive integral solution of the equations (156), considered as equa- 
tions in the quantities a, /?, p, cr, j, will correspond definite products(/i, V^ and a 
definite index j, and hence a definite transvectant r. But as was proved (Chap. 
IV, Section 3, III), if the solution corresponding to (0, tpy is the sum of those 
corresponding to (0i,V'i)-'^ and ((/>2, V'2)"'^j then t certainly contains reducible 
terms. In other words transvectants corresponding to reducible solutions con- 
tain reducible terms. But the number of irreducible solutions of (156) is finite 
(Chap. IV, Section 5, II). Hence the number of transvectants of the type t 
which do not contain reducible terms is finite. A method of finding the irre- 
ducible transvectants was given in Section 3, III of the preceding chapter. 

Definitions. 

A system of forms (A) is said to be complete when any expression derived by 
convolution from a product of powers of the forms (A) is itself a rational 
integral function of the forms (A) . 

A system (A) will be called relatively complete for the modulus G consisting 
of the product of a number of symbolical determinants when any expression 
derived by convolution from a product (^ is a rational integral function of the 
forms (A) together with terms containing G as a factor. 

As an illustration of these definitions we may observe that 

/ = ai^ = • • • , A = {ab)'^Xxbx,Q = {abf{ca)bxcl., 
R= {abf{cdf{ac){bd) 

is a complete system. For it is the fundamental system of a cubic /, and hence 
any expression derived by convolution from a product of powers of these four 
concomitants is a rational integral function of /, A, Q, R. 

Again / itself forms a system relatively complete modulo (ab)^ . 

Definition. 

A system (A) is said to be relatively complete for the set of moduli Gi, G2, • • • 
when any expression derived from a product of powers of A forms by convolution 
is a rational integral function of A forms together with terms containing at least 
one of the moduli Gi, G2, • • • as a factor. 
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In illustration it can be proved (cf. Chap. IV, §7, IV) that in the complete 
system derived for the quartic 

H={abfalbl, 

any expression derived by convolution from a power of H is rational and integral 
in H and 

Gi = {ab)^,G2 = {bcf{ca)^abf. 

Thus H is a system which is relatively complete with regard to the two moduli 

Gi = (a6)^G'2 = {bcf{caf{abf. 

Evidently a complete system is also relatively complete for any set of moduli. 
We call such a system absolutely complete. 

Definitions. 

The system (C) derived by transvection from the systems (A), (B) contains an 
infinite number of forms. Nevertheless (C) is called a finite system when all 
its members are expressible as rational integral algebraic functions of a finite 
number of them. 

The system (C) is called relatively finite with respect to a set of moduli 
Gi, G2, . . . when every form of (C) is expressible as a rational integral algebraic 
function of a finite number of the forms (C) together with terms containing at 
least one of the moduli Gi,G2, . . . as a factor. 

The system of all concomitants of a cubic / is absolutely finite, since every 
concomitant is expressible rationally and integrally in terms of /, A, Q, R. 

Lemma 4. If the systems {A), (B) are both finite and complete, then the system 
(C) derived from them by transvection is finite and complete. 

We first prove that the system (C) is finite. Let us first arrange the transvec- 
tants 

in an ordered array 

n,T2,--- ,Tr,- ■■ ,(157) 

the process of ordering being defined as follows: 

(a) Transvectants are arranged in order of ascending total degree of the 
product (pi!) in the coefficients of the forms in the two systems (A), (B). 

(b) Transvectants for which the total degree is the same are arranged in order 
of ascending indices j; and further than this the order is immaterial. 

Now let t, t' be any two terms of t. Then 

(t-t') = S(<^,^)^'(j'<j), 
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where is a form derived by convolution from (j). But by hypothesis (A), (B) 
are complete systems. Hence (/), i!) are rational and integral in the forms A, B 
respectively, 

^=F{A),i,= GiB). 

Therefore (cj), ipy can be expressed in terms of transvectants of the type t {i.e. 
belonging to (C)) of index less than j and hence coming before t in the ordered 
array (157). But if we assume that the forms of (C) derived from all transvec- 
tants before r can be expressed rationally and integrally in terms of a finite 
number of the forms of (C), 

Ci , C2 , . . . , Cj. , 

then all C's up to and including those derived from 

r = {(l),tpy 

can be expressed in terms of 

Ci, C2, . . . , Cr, t. 

But if r contains a reducible term t = tit2 then since ti, t2 must both arise from 
transvectants before t in the ordered array no term t need be added and all C's 
up to and including those derived from r are expressible in terms of 

Ci , C2 , . . . , Cj. . 

Thus in building by this procedure a system of C's in terms of which all forms 
of (C) can be expressed we need to add a new member only when we come to 
a transvectant in (157) which contains no reducible term. But the number of 
such transvectants in (C) is finite. Hence, a finite number of C's can be chosen 
such that every other is a rational function of these. 

The proof that (C) is finite is now finished, but we may note that a set of 
C's in terms of which all others are expressible may be chosen in various ways, 
since t in the above is any term of t. Moreover since the difference between any 
two terms of r is expressible in terms of transvectants before t in the ordered 
array we may choose instead of a single term t of an irreducible r = ((/), ipy , 
an aggregate of any number of terms or even the whole transvectant and it 
will remain true that every form of (C) can be expressed as a rational integral 
algebraic function of the members of the finite system so chosen. 

We next prove that the finite system constructed as above is complete. 

Let 

Ci , C2 , . . . , Cr 

be the finite system. Then we are to prove that any expression X derived by 
convolution from 
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is a rational integral algebraic function of Ci , . . . , C,. . Assume that X contains 
p second-order determinant factors in which a symbol from an (A) form is in 
combination with a symbol belonging to a (B) form. 

Then X is a term of a transvectant (0, tp)'', where contains symbols from 
system (A) only, and i/j contains symbols from {B) only. Then (j) must be 
derivable by convolution from a product (f> of the yl's and ijj from a product ip 
of B forms. Moreover 



x = {4>,xpr+^{4>Jr' {p'<p), 



and (j), i}) having been derived by convolution from <j), ip, respectively, are ulti- 
mately so derivable from 0, t/". But 

4>=F{A), ip = G{B) 

and so X is expressed as an aggregate of transvectants of the type of 

But it was proved above that every term of r is a rational integral function of 

Ci , • • • , C'r • 
Hence X is such a function; which was to be proved. 

5.1.2 Lemma 

Lemma 5. If a finite system of forms (A), all the memhers of which are covari- 
ants of a binary form f, includes f and is relatively complete for the modulus 
G' ; and if, in addition, a finite system (B) is relatively complete for the mod- 
ulus G and includes one form Bi whose only determinantal factors are those 
constituting G' , then the system (C) derived by transvection from {A) and (B) 
is relatively finite and complete for the modulus G. 

In order to illustrate this lemma before proving it let {A) consist of one form 
/ = a^ = • • • , and (B) of two forms 

A = {abfa^b^, R = {abf{ac){bd){cdf. 

Then (A) is relatively complete for the modulus G" = (ab)^ . Also B is absolutely 
complete, for it is the fundamental system of the Hessian of /. Hence the lemma 
states that (C) should be absolutely complete. This is obvious. For (C) consists 
of the fundamental system of the cubic, 

/,A,Q,i?, 

and other covariants of /. 

We divide the proof of the lemma into two parts. 
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Part 1. First, we prove the fact that if P he an expression derived by convo- 
lution from a power of f , then any term, t, of a = (P, t/j)* can be expressed as 
an aggregate of transvectants of the type 

in which the degree of <j) is at most equal to the degree of P. Here 4> and i!) are 
products of powers of forms {A) , (B) respectively, and by the statement of the 
lemma {A) contains only covariants of / and includes / itself. 

This fact is evident when the degree of P is zero. To establish an inductive 
proof we assume it true when the degree of _P is < r and note that 

t = (p,iif + ^(p,i,y a' <i), 

and, inasmuch as P and P are derived by convolution from a power of /, 

P = F{A) + G'Y = F{A) (mod G"), 
P = F'{A) + G'Y' = F'{A) (modC). 

Also 

ij = $(S) + GZ = $(S)( mod G). 

Hence t contains terms of three types (a), (6), (c). 

(a) Transvectants of the type {F{A), (f){B)y, the degree of F{A) being r, the 
degree of P. 

(6) Transvectants of type (G'Y, i^) , G'Y being of the same degree as P. 

(c) Terms congruent to zero modulo G. 

Now for (a) the fact to be proved is obvious. For (6), we note that G'Y can 
be derived by convolution from i?i/*, where s < r. Hence any term of {G'Y, i/j) 
can be derived by convolution from Bif^i}} and is expressible in the form 

where P' is derived by convolution from /" and is of degree < r. But by 
hypothesis every term in these latter transvectants is expressible as an aggregate 

= ^(0,^)XmoduloG), 

inasmuch as 

iJr0 = $(B) (modulo G). 

But in this ((/), ipy is of degree ^ s < r. Hence 

t = ^(0,ii)XmodG), 

and the desired inductive proof is established. 

As a corollary to the fact just proved we note that if P contain the factor 
G' , then any term in 
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can be expressed in the form 

J2{cf>,ijy (158) 

where the degree of (j) is less than that of P. 

Part 2. We now present the second part of the proof of the original lemma, 
and first to prove that (C) is relatively finite modulo G. 

We postulate that the transvectants of the system (C) are arranged in an 
ordered array defined as follows by (a), (6), (c). 

(a) The transvectants of (C) shall be arranged in order of ascending degree 
of (/)t/', assuming the transvectants to be of the type r = (0, ij})-' . 

(h) Those for which the degree of (jyij^ is the same shall be arranged in order 
of ascending degree of 4>- 

(c) Transvectants for which both degrees are the same shall be arranged in 
order of ascending index j; and further than this the ordering is immaterial. 

Let t, t! be any two terms of t. Then 

t'-t = T.(4>,^y{j' <j). 

Also by the hypotheses of the lemma 

'4>=F{A)+G'Y,4j =^{B) + GZ. 

Hence 

t' -t= S(F(^), $(S))^ + Y.{G'Y, <^{B)y{modG). 

Now transvectants of the type {F{A),'^{B))f belong before r in the ordered 
array since j' < j and the degree of F{A) is the same as that of (f). Again 
(G"y, $(i?))-' can by the above corollary (158) be expressed in the form 

where the degree of 0' is less than that of G'Y and hence less than that of (j). 
Consequently, t' — t can be written 

f-t = J2{cf>",i;"y + J2i^', i^'y {mod G), 

where the degree of (f>" is the same as that of and where j' /Itj, and where 
the degree of (p' is less than that of (p. Therefore if all terms of transvectants 
coming before 

T = i^,^y 

in the ordered array are expressible rationally and integrally in terms of 

Ci,C2, . . . ,Cg, 

except for terms congruent to zero modulo G, then all terms of transvectants 
up to and including t can be so expressed in terms of 



Ci, 6*2, . . . , C„, t. 



J ^qj '-I 
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where t is any term of r. As in the proof of lemma 2, if t contains a reducible 
term t = tit2, t does not need to be added to 

Cl, 6*2, . . . ,Cq, 

since then ti , t2 are terms of transvectants coming before /tau in the ordered 
array. Hence, in building up the system of C's in terms of which all forms of 
(C) are rationally expressible modulo G, by proceeding from one transvectant 
T to the next in the array, we add a new member to the system only when we 
come to a transvectant containing no reducible term. But the number of such 
irreducible transvectants in (C) is finite. Hence (C) is relatively finite modulo G. 
Note that Ci, . . . , Cg may be chosen by selecting one term from each irreducible 
transvectant in (C). 

Finally we prove that (C) is relatively complete modulo G. Any term X 
derived by convolution from 

X = cj^cl...c^\ 

is a term of a transvectant (0, ip)''i where, as previously, is derived by convo- 
lution from a product of A forms and if) from a product of B forms. Then 

X=(0,^)^ + E(|,^)^'p'<p. 

That is, X is an aggregate of transvectants (0, t/')°^,0 = P can be derived by 
convolution from a power of /, and 

V^ = $(S) (modG). 

Thus, 

X = ^(P,$(B))^ (mod G) 

= ^(P,ti)'^(modG) 

= Y,i^,^yi^odG) 



where (f> is of degree not greater than the degree of P, by the first part of the 
proof. But all transvectants of the last type are expressible as rational integral 
functions of a finite number of C's modulo G. Hence the system (C) is relatively 
complete, as well as finite, modulo G. 

5.1.3 Corollary 

Corollary 2. // the system, (B) is absolutely complete then (C) is absolutely 
complete. 

Corollary 3. // (B) is relatively complete for two moduli Gi, G2 and contains 
a form, whose only determ,inantal factors are those constituting G' , then the 
system (C) is relatively complete for the two moduli Gi, 6*2. 
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5.1.4 Theorem 

Theorem. The system of all concomitants of a binary form f = a" = ... of 
order n is finite. 

The proof of this theorem can now be readily accomplished in view of the 
theorems in Paragraphs III, IV of Chapter IV, Section 7, and lemma 3 just 
proved. 

The system consisting of / itself is relatively complete modulo (ab)^ . It 
is a finite system also, and hence it satisfies the hypotheses regarding (A) in 
lemma 3. This system (A) = f may then be used to start an inductive proof 
concerning systems satisfying lemma 3. That is we assume that we know a 
finite system Ak-i which consists entirely of covariants of /, which includes 
/, and which is relatively complete modulo {ab) . Since every covariant of / 
can be derived from / by convolution it is a rational integral function of the 
forms in A^-i except for terms involving the factor (ab) . We then seek to 
construct a subsidiary finite system B^-i which includes one form Bi whose 
only determinant factors are (ab) = G\ and which is relatively complete 
modulo (a6)^ +^ = G. Then the system derived by transvection from Ak-\ and 
Bk-i will be relatively finite and complete modulo (a6)^ +^. That is, it will 
be the system Ak. This procedure, then, will establish completely an inductive 
process by which we construct the system concomitants of / relatively finite 
and complete modulo (a6)^ +^ from the set finite and complete modulo (a6)^ , 
and since the maximum grade is n we obtain by a finite number of steps an 
absolutely finite and complete system of concomitants of /. Thus the finiteness 
of the system of all concomitants of / will be proved. 

Now in view of the theorems quoted above the subsidiary system B^-i is 
easily constructed, and is comparatively simple. We select for the form Bi of 
the lemma 

Si = {abf'al-^^bl-^^ = K. 

Next we set apart for separate consideration the case (c) n = Ak. The remaining 
cases are (a) n > 4fc, and (6) n < 4fc. 

(a) By Theorem IV of Section 7 in the preceding chapter if n > 4fc any form 
derived by convolution from a power of hk is of grade 2fc + 1 at least and hence 
can be transformed so as to be of grade 2fc + 2 (Chap. IV, §7, II). Hence hk 
itself forms a system which is relatively finite and complete modulo (afe)^ +^ 
and is the system -Bfc_i required. 

(6) If n < 4fc then hk is of order less than n. But in the problem of con- 
structing fundamental systems we may proceed from the forms of lower degree 
to those of the higher. Hence we may assume that the fundamental system of 
any form of order < n is known. Hence in this case (6) we know the fundamen- 
tal system of hj^ . But by III of Chapter IV, Section 7 any concomitant of h^ is 
congruent to any one of this concomitant's own terms modulo (a6)^ +^. Hence 
if we select one term from each member of the known fundamental system of hk 
we have a system which is relatively finite and complete modulo (a6)^ +^; that 
is, the required system -Bfc-i- 
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(c) Next consider the case n = Ak. Here by Section 7, IV of the preceding 
chapter the system Bk-i = hk is relatively finite and complete with respect to 
two moduli 

Gi = (a6)2'=+2,G'2 = {abf'ibcf'icdf'', 

and 6*2 is an invariant of /. Thus by corollary 2 of lemma 3 the system, as C^ 
derived by transvection from Ak-i and Bk-i is relatively finite and complete 
with respect to the two moduli Gi,G2. Hence, if Ck represents any form of the 
system Ck obtained from a form of C'k by convolution, 

Ck = Fi{Ck) + G2Pi(mod(a6)2'=+2). 

Here Pi is a covariant of degree less than the degree of Ck- Hence Pi may be 
derived by convolution from /, and so 

Pi = F2(Ck) + G2P2imod{abf''+^), 

and then P2 is a covariant of degree less than the degree of Pi . By repetitions 
of this process we finally express C'k as a polynomial in 

G2 = {ahf^(bcf^{caf^, 

whose coefficients are all covariants of / belonging to Cfc, together with terms 
containing Gi = (ab)^^'^ as a factor, i.e. 

Ck = Fi(Ck) + G2F2{Ck) + GlF^{Ck) + ■■■ + GlFr{Ck){modGi). 

Hence if we adjoin G2 to the system Ck we have a system Ak which is relatively 
finite and complete modulo (ab)'^^'^ . 

Therefore in all cases (a), (6), (c) we have been able to construct a system Ak 
relatively finite and complete modulo (ab)^ '^'^ from the system Ak-\ relatively 
finite and complete modulo (ab) . Since Aq evidently consists of / itself the 
required induction is complete. 

Finally, consider what the circumstances will be when we come to the end 
of the sequence of moduli 

{abf, {ab)\ {abf , ■ ■ ■ . 

If n is even, n = 2g, the system Ag^i is relatively finite and complete 
modulo {ab)'^"' = (ah)". The system Bg-i consists of the invariant (a6)" and 
hence is absolutely finite and complete. Hence, since Ag is absolutely finite and 
complete, the irreducible transvectants of Ag constitute the fundamental system 
of /. Moreover Ag consists of Ag^i and the invariant (a6)". 

If n is odd, n = 2g -\- I, then Ag^i contains / and is relatively finite and 
complete modulo (ab)'^^ . The system. Bg_i is here the fundamental system of 
the quadratic {ab)^^axbj; e.g. 

Bg-i = {(a6)29a,6„(a6)29(ac)(6d)(cd)29}. 
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This system is relatively finite and complete modulo (06)^^+^. But this modulus 
is zero since the symbols are equivalent. Hence Bg-i is absolutely finite and 
complete and by lemma SAg will be absolutely finite and complete. Then the 
set of irreducible transvectants in Ag is the fundamental system of /. 
Gordan's theorem has now been proved. 

5.2 Fundamental Systems of the Cubic and Quar- 
tic by the Gordan Process 

It will now be clear that the proof in the preceding section not only establishes 
the existence of a finite fundamental system of concomitants of a binary form 
/ of order n, but it also provides an inductive procedure by which this system 
may be constructed. 

5.2.1 System of the cubic. 

For illustration let n = 3, 

f = al = bl = ---. 

The system Ag is / itself. The system Bg is the fundamental system of the 
single form 

hi = {ab)'^axbx, 

since hi is of order less than 3. That is, 

Bo = {iabfa^b^,D} 

where D is the discriminant of hi. Then Ai is the system of transvectants of 
the type of 

T = ir,h^,,D^y. 

But Bq is absolutely finite and complete. Hence Ai is also. 

Now D belongs to this system, being given hya = l3 = j = 0,^=l. If 
j > then T is reducible unless 7=0, since D is an invariant. Hence, we have 
to consider which transvectants 

T = {r,h^iy 

are irreducible. But in Chapter IV, Section 3 II, we have proved that the 
only one of these transvectants which is irreducible is Q = (/, hi). Hence, the 
irreducible members of Ai consist of 

Ai = {f,hi,Q,D}, 

or in the notation previously introduced, 

Ai = {f,A,Q,R}. 

But Bo is absolutely complete and finite. Hence these irreducible forms of Ai 
constitute the fundamental system of /. 



126 CHAPTER 5. GORDAN'S THEOREM 

5.2.2 System of the quartic. 

Let f = a^ = b"^ = ■ ■ ■ . Then ^o = {/}• Here Bq is the single form 

hi = {abfalbl, 

and Bq is relatively finite and complete (modd(a6)^, (a6)^(6c)^(ca)^). The sys- 
tem Ci of transvectants 

is relatively finite and complete (modd(afe)*, (a6)^(6c)^(ca)^). In t if j > 1, t 
contains a term with the factor (a6)^(ac)^ which is congruent to zero with respect 
to the two moduli. Hence j = 1, and by the theory of reducible transvectants 
(Chap. IV, Section 3, III) 

4a - 4 < j < Aa, 

or a = 1, /3 = 1. The members of Ci which are irreducible with respect to the 
two moduli are therefore 

f,hi,if,hi). 

Then 

Ai = {/, hi, if, hi), J = iab)^bcficaf}. 

Next Bi consists of i = (a6)* and is absolutely complete. Hence, writing h\ = 
H, (/, hi) = T, the fundamental system of / is 

f,H,T,i,J. 



Chapter 6 

FUNDAMENTAL 

SYSTEMS 



In this chapter we shah develop, by the methods and processes of preceding 
chapters, typical fundamental systems of concomitants of single forms and of 
sets of forms. 



6.1 Simultaneous Systems 

In Chapter V, Section 1, II, it has been proved that if a system of forms (A) 
is both finite and complete, and a second system (B) is also both finite and 
complete, then the system (S) derived from (A) and (A) by transvection is finite 
and complete. In view of Gordan's theorem this proves that the simultaneous 
system of any two binary quantics /, g is finite, and that this simultaneous 
system may be found from the respective systems of / and g by transvection. 
Similarly for a set of n quantics. 

6.1.1 Linear form and quadratic. 

The complete system of two linear forms consists of the two forms themselves 
and their eliminant. For a linear form I = l^, and a quadratic /, we have 

{A) = l,{B) = {f,D}. 

Then S consists of the transvectants 

Since D is an invariant S is reducible unless (3=0. Also 5^7, and unless 
(5=7, (/", P) is reducible by means of the product 

127 
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Hence ^ = 5. Again, by 

S is reducible if 5 > 2. Hence the fundamental system of / and I is 

S={f,DJ,{fJ),{f,ff}. 

When expressed in terms of the actual coefficients these forms are 

/ = aoxi + aiX2 = Ix = I'x = ■ ■ ■ 1 
f = boxl + 261X1X2 + 62X2 = al = bl = . . . 
D = 2(6062 = bl = {abf, 
{f,l) = (6oai - 6iao)xi + (6iai - 62ao)x2 = {al)ax, 
(/, ff = boaf - 2biaoai + 620^ = {al){al'). 

6.1.2 Linear form and cubic. 

\i I = Ix and f = a^ = b^ = . . . , then (cf. Table I), 

{A) = {l};{B) = {f,A,Q,R}, 

and 

S= {r/\f^Q"'R\l'^Y. 

Since R is an invariant e = for an irreducible transvectant. Also 77 = 5 as in 
(I) . If a 7^ then, by the product 

S is reducible unless 5 < 3, and if 5 < 3 S* is reducible by 

unless /3 = 7 = 0,q;=1. Thus the fundamental system of / and / is 
S = {f,A,Q,RJ,{f,l),{f,f)Mf,l^f, 

(A,o,(A,^2)2,(Q,^),(g,^')^(Q,m• 

6.1.3 Two quadratics. 

Let f = al = a'^; g = bl = b'^ = . . . . Then 

(A) = {/,Di}, {B) = {g,D2h S={rDlg''Diy. 

Here (3=5 = 0. Also 

2a >e>2a-l, 
27 >e>27-l, 
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and consistent with these we have the fundamental system 

S={f,g,DuD2,{f,9)Af,9f}- (6.1) 

Written explicitly, these quantities are 

/ = a^Xy + 2aiXiX2 + 022^2 = '^x = '^x = ' ' ' > 

g = boxl + 25iXiX2 + 62X2 = bl = b'^ = ■ ■ ■ , 
D\ = 2(aoa2 — ai) = (aa') , 
D2 = 2{bob2 - bl) = (bb')\ 

J={f,9) 

= {aobi - aibo)xl + (0962 - a2bo)xiX2 + (0162 - a2bi)xl = {ab)axb^, 
h = {f,g)^ = aoh - 2aibi + 0260 = (a6)^. 

6.1.4 Quadratic and cubic. 

Consider next the simultaneous system oi f = a^ = a'^ = ■ ■ ■ , g = b^ 
■ ■ ■ . In this case 



L/3 



(A) = {/, D}, (B) = {5, A, Q, R}, S = {rO^ g^A^'Q^R'^r. 

In order that S may be irreducible, (3 = d = 0. Then in case 7 > 2 and b =/= 0, 
S = (f'^,g°'AQ'^)^ is reducible by means of the product 

{f,Af{r-\g-A''-'Q'y-\ 

Hence only three types of transvectants can be irreducible; 

(/,A),(/,A)2,(r,ff«g^)^. 

The first two are, in fact irreducible. Also in the third type if we take c = 0, the 
irreducible transvectants given by (/", g")'' will be those determined in Chapter 
IV, Section 3, III, and are 

L9,{f,9),if,9)Mf\9)Mf,9'f- 
If c > 1, we may substitute in our transvectant if", 9°'Q'^)"' the syzygy 

Q' = -liA' + Rg'); 

and hence all transvectants with c > 1 are reducible. Taking a = 0, c = 1 we 
note that (/, Q) is reducible because it is the Jacobian of a Jacobian. Then the 
only irreducible cases are 

{LQ)Mf,Qf- 

Finally if c = 1, a 7^ 0, the only irreducible transvectant is 

{f,9Qf- 

Therefore the fundamental system of a binary cubic and a binary quadratic 
consists of the fifteen concomitants given in Table III below. 
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TABLE III 



DEGREE 


ORDER 





1 


2 


3 


1 






/ 


9 


2 


D 


if, 9? 


A 


U.9) 


3 


(L^y 


iP.gf 


(/,A) 


Q 


4 


R 


{LQY 






5 


if,9r 


{f',Qr 






7 


{P,9Qf 









6.2 System of the Quintic 



The most powerful process known for the discovery of a fundamental system 
of a single binary form is the process of Gordan developed in the preceding 
chapter. In order to summarize briefly the essential steps in this process let 
the form be /. Construct, then, the system Aq which is flnite and complete 



modulo {ahy 



a system of forms which are not expressible in terms of forms 



congruent to zero modulo (ab)^ . Next construct Ai, the corresponding system 
modulo (a6)^, and continue this step by step process until the system which is 
flnite and complete modulo (a6)" is reached. In order to construct the system 
Ak which is complete modulo (a6)^ +^ from Afc_i, complete modulo (afe)^ , a 
subsidiary *system Bk-i is introduced. The system Bk-i consists of covariants 
of = {ab^^a^^'^^h^^'^^ . If 2n — 4fc < n then Bk-i consists of the fundamental 
system of (j). If 2n — 4fc > n, Bk-i consists of (/) itself, and if 2n — 4fc = n, Bk-i 
consists of and the invariant (ah) '^ (be) '2 (ca) '2 . The system derived from Ak-i, 
Bk-i by transvection is the system A^- 



. Here, the system Aq is / itself. The 
(ab^a^b^. Hence the system Ai is the 



6.2.1 The quintic. 

Suppose that n = 5; f = a^ = b^ = ■ 
system Bq consists of the one form H 
transvectant system given by 

By the standard method of transvection, if 7 > 2 this transvectant always 
contains a term of grade 3 and hence, by the theorem in Chapter IV, it may 
be transformed so that it contains a series of terms congruent to zero modulo 
(a6)^, and so it contains reducible terms with respect to this modulus. Moreover 
(/, Hy is reducible for forms of all orders as was proved by Gordan 's series in 
Section 1 of Chapter IV. Thus Ai consists of /, H, (/, H) = T. 

Proceeding to construct Bi we note that i = (ab^axbx is of order < 5. 
Hence Bi consists of its fundamental system: 



Bi = {i,D}, 



6.2. SYSTEM OF THE QUINTIC 131 

where D is the discriminant of i. Hence A2 which is here the fundamental 
system of / is the transvectant system given by 

0= irH'^T'^.i^D'Y. 

The values a=[3=^=5=ri = Q^e = l give D . Since D is an invariant <j) is 
reducible if 77 7^ and e 7^ 0. Hence £ = 0. 

If /? > 1, is reducible by means of such products as 

Hence 

(i)/3 = 

{n)a = 0,7= 0,/?= 1. 

By Chapter IV, Section 4, IV, 

T^ = -\{{f, Ifh" - 2(/, HffH + (F, Hff}. 



He 



T2 = -ii73(mod(a6)4). 



But if 7 > 1, the substitution of this in (j) raises (3 above 1 and hence gives a 
reducible transvectant. Thus 7 = or 1 (of. Chap. V (158)). 
Thus we need to consider in detail the following sets only: 

{i)a= 1 or 2,/?= 0,7= 0, 
(M)a = 0,/?= 0,7= 1, 
{iii)a = 1, /3 = 0, 7 = 1, 
{iv)a = 0,/3= 1,7= 0. 

In (i) we are concerned with (/", i )'^ . By the method of Section 3, Chapter 
IV, 

2<5 - 1 ^7 ^ 25, 
So; — 4 ^7 ^ 5q;, 

and consistent with this pair of relations we have 

*,/,(/,i),(/,i)',(/,iY,(/,iY,(/,i')', 

(/^ iY, (/^ i Y, (/^ i Y, (/^ ^')^ (/^ i')'°. 

Of these, (/^,i^)^ contains reducible terms from the product 



132 



CHAPTER 6. FUNDAMENTAL SYSTEMS 



and in similar fashion all these transvectants are reducible except the following 
eight: 

f,iAf,i)Af,i)\iLirALirALi')Mfi'r- 

In (ii) we have {T~',i ). But T = —{ab)'^{bc)a'^b^c^, and (T, i) contains the 
term t= —(ab)^ {bc){bi)a^bxC^. Again 

{bc){bi)cj, = liibcfil + {bifcl - {cifbl]. 

Hence t involves a term having the factor /. The analysis of the remaining 
cases proceeds in precisely the same way as in Cases (i), (ii). In Case (ii) the 
irreducible transvectants prove to be 

(T,i)2,(T,i2)4,(T,i3)6,(T,iY,(T,i^)^ 

Case (iii) gives but one irreducible case, viz. (/T, i^)^^. 
In Case (iv) we have 

(H, i), (H, if, {H, i'f, {H, iY, {H, i3)^ {H, iY- 

Table IV contains the complete summary. The fundamental system of / consists 
of the 23 forms given in this table. 

TABLE IV 



DEGREE 


ORDER 





1 


2 


3 


4 


5 


6 


7 


9 


1 












/ 








2 






i 








H 






3 








{iJY 




{hf) 






T 


4 


D 








{hHY 




{i,H) 






5 




{i\ff 




{i\ff 








{i,TY 




6 






{i\Hy 




{i'.Hf 










7 




ii'Jf 








{i'.TY 








8 


[i-'^Hf 




ii\Hf 














9 








(i\Tf 












11 




ii\TY 
















12 


ii',rr 


















13 




{i^,Ty 
















18 


{i'JTY" 



















6.3 Resultants in Aronhold's Symbols 

In order to express the concomitants derived in the preceding section in sym- 
bolical form the standard method of transvection may be employed and gives 
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readily any concomitant of that section in explicit symbolical form. We leave 
details of this kind to be carried out by the reader. However, in this section 
we give a derivation, due to Clebsch, which gives the symbolical representation 
of the resultant of two given forms. In view of the importance of resultants in 
invariant theories, this derivation is of fundamental consequence. 

6.3.1 Resultant of a linear form and an n-ic. 

The resultant of two binary forms equated to zero is a necessary and sufficient 
condition for a common factor. 
Let 

/ = a"; (j) = Ux = Oiixi = a2X2 = 0. 

Then xi : X2 = —a2 '. a\. Substitution in / evidently gives the resultant, and 
in the form 

R = {aoiY 

6.3.2 Resultant of a quadratic and an n-ic. 
Let 

The resultant i? = is evidently the condition that / have either p^, or g^; as a 
factor. Hence, by I, 

R={avT{hcif. 

Let us express R entirely in terms of a, 6, • • • , and a, /?, • • • symbols. 
We have, since a, h are equivalent symbols, 

R=\{{avT{hqr^{,aqT{hvT}. 
Let (ap)(bq) = /i, (aq)(bp) = v, so that 



R = 



Theorem. // n is even, R = ^ 'Y ** rationally and integrally expressible in 
terms of p^ = (p — vf' and a = jiv. If n is odd, {ji + v)^^R is so expressible. 



In proof write 



Sfc = / + (-!)"-'= i.^ 



Then 

R = —On . 

2 
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Moreover it follows directly that 

Sn= {jl- v)Sn+\ + /UJ/S'„_2, 
Sn-l = (M - i^)'S'«-2 + IJ.vSn-3, 

'S'2 = (m - ^)Si + I^vSq. 

Also for n even 

Si= 11- v,So = 2, 

and for n odd 

5*1 = /x + i^, So = . 

Now let 

n = S2 + zS3 + z'^Si + • • • 

= p^i + aSfi + z/9S'2 + zaSi + z^/sSs + z^cr5'2 + . . . 

Then we have 

n = p{Si + z9.) + o-(5o + zSi + z^f]), 

and 

_ (/9+gz)5i +0-^0 

1 — pz + (JZ^ 
Then S'„ is the coefficient of x"^^ in the expansion of Vt. Now 

1 



1 — pz — az^ 1 — pz (1 — /9z)2 (1 — pz)^ 
= 1 + pz + p'^z^ + p^z^ + ■■■ 
+ {l+2pz + ip^z^ + 4p^z3 H )o-z2 



where 



But 



Kq = l,K2 = p^ + a,K4 = p^ + 3p^a + a\ 
Ki = p,K3 = p^ + 2pa,K5 = p^ + Ap^a + 3pa\ 

Ku = p'- + (fe-l)ap^-^+ ^^~f^^~^^ .V-^ 
(fe_3)(/,_4)(/,_5) 

1-2-3 P + 

f] = {(p5i + aSo) + ztrS-iXi^o + Kiz + i^2^' + •••}. 
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In this, taking the coefficient of x"^^, 

2R= S„ = {pSi + aSo)Kn-2 + (^SiKn-3- 

But, 

pKn-2 + f^Kn-3 = Kn-1. 

Hence, 

R+^{SiK^^, + aSoKn-2}- 
Hence according as n is even or odd we have 

^T^ r, n-2 n(n-3) 2 r,-4 n(n-4)(n-5) o „_(, 

2R = p + '^'^p + ^jry^^ p + ^ — ^(tV +•••, 

2R = {p + v){p-^ + {n- 2)ap"-3 + (" - 'l^^^ - ^) aV"-^ + 

(n-4)(n-5)(n-6) 3 „_7 , 

(J p + • • • r, 

1-2-3 '^ ''' 

which was to be proved. 
Now if we write 

= Pxqx = al = 0[ 



^ = 0^ = ■■■ 

X r^x •> 



we have 
Then 



piqi = al,piq2 + P2qi = 2aia2,P2q2 = aj- 



p + v = {ap){hq) + {aq){hp) 

= {aip2 - a2Pi){biq2 - 6291) + (aii72 - a2qi)ibiP2 - hpi) 

= 2[aibia2 — aib2aia2 — a2biaia2 + 02620^1] 

= 2{aa){ba), 

pv= a = {ap){aq){bp){bq) 
= PaQa ■ PbQb = (aa)'^{ab)^, 
{p - i^f = p2 = {(ap){bq) - {aq){bp)Y = (abf{pqf 
= -2{abf{al3f = -2{abf D . 

Let the symbols of (/) be a', a", • • • ; /?', /?", • • • , 7, • • • . Then we can write for the 
general term of i?, 

X {aa'f{bl3'f{aa"f{bl3"f ■ ■ ■ {aa^''^f{bl3^^'^f 
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Evidently Ak is itself an invariant. When we substitute this in 2R above we 
write the term for which k = ^n last. This term factors. For if 



B = {aa'f{aa"f---{aa^'iyf 



then 

Thus when n is even, 



R = (-D)t . 2'^Ao + n{-D)'^2'^Ai 



n(n — 3) , „, n-4 n-e , 

\.^ ' {-D)^2^A2 
n{n-A)in-5l^_^y_^^._^^^ (159) 



1 •2-3 

1 



DA»_i +S2. 



4 
We have also, 

p"-^^-'a\ii + u) = 2{-2)^D'^''Ak, 

where Ak is the invariant, 
Ak = {ahY-^-'^^{a-i){h-i) ■ {aa'){aa"f ■ ■ ■ {aa^^^f ■ {hp'f{hp"f ■ ■ ■ (fo/jC^))^ 

In this case, 

R= {-2D)'^Ao + {n-2){-2D)'^Ai 



1 -2 
n2-l 



DA,^ +An^. 



Thus we have the following: 

Theorem. The resultant of a form of second order with another form of even 
order is always reducible in terms of invariants of lower degree, hut in the case 
of a form of odd order this is not proved owing to the presence of the term A n-i . 
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A few special cases of such resultants will now be given; (a), (6), (c), (d). 

{a)n = 1 :R = Ao, Aq = (aa) 

{b)n =2:R= -DAq + B^^Aq = {abf,B = {aaf. 

R = -{al3f{abf + (aaf{bl3)'^. 
{c)n= 3:R= -2DAo + Ai,Ao = {abf{a-f){b-f). 

M = (a7)(67)(aa)2(6/3)2. 

R = -2{al3f{abf{a'y){b-i) + {a-i){b^){aaf{b(3f . 
{d)n = A:R = 2D^ Aq - ADAi + B^, Aq = (ab)^. 

Ai = {abf{aaf{bl3f. 

B = {aaf{aa'f. 

R = 2{al3)'^{a'l3'f{ab)^ - A{al3f{abf{aa'f{bp'f 

+ {aaf{aa'f(bpf(bp'f. 



6.4 Fundamental Systems for Special Groups of 
Transformations 

In the last section of Chapter I we have called attention to the fact that if the 
group of transformations to which a form / is subjected is the special group 
given by the transformations 

sin (uj — a) , sin (uj — 0) , sin a , sin (3 , 

sm CO sm uj sm to sm u 



then 



q = x^ + 2xiX2 cos UJ + X2 



is a universal co variant. Boole was the first to discover that a simultaneous 
concomitant of q and any second binary quantic / is, when regarded as a function 
of the coefficients and variables of /, a concomitant of the latter form alone under 
the special group. Indeed the fundamental simultaneous system of q and / taken 
in the ordinary way is, from the other point of view, evidently a fundamental 
system of / under the special group. Such a system is called a Boolean system 
of /. We proceed to give illustrations of this type of fundamental system. 

6.4.1 Boolean system of a linear form. 

The Boolean system for a linear form, 

I = ttoXi + a\X2, 
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is obtained by particularizing the coefficients of / in Paragraph I, Section 1 
above by the substitution 

1, cosw 1 
Thus this fundamental system is 

I = a^xi -\- aix — 2, 

q = Xi-\- 2x1 X2 cos u; + X2, 

a = sin CO, 

b = (ao coau! — ai)xi + (oq — ai cosct;)x2, 

c = Oq — 2aoa — 1 cos co + a-^. 

6.4.2 Boolean system of a quadratic. 

In order to obtain the corresponding system for a quadratic form we make the 
above particularization of the b coefficients in the simultaneous system of two 
quadratics (cf. Section 1, III above). 

Thus we find that the Boolean system of / is 

/ = aox-^ + 2aiXiX2 + 02X2, 
q = Xi + 2x1 X2 cos oj + X2 , 
D = 2(aoa2 - a\), 
d = sin u), 

e = ao + 02 — 2ai cos w, 
F = (oq cosc<; — ai)x-^ + (oq — ai)xiX2 + (ai — 0,2 cos{jj)x2- 

6.4.3 Formal modular system of a linear form. 

If the group of transformations is the finite group formed by all transformations 
Tp whose coefficients are the positive residues of a prime number p then, as was 
mentioned in Chapter I, 

L = x\x2 — xix^ 

is a universal co variant. Also one can prove that all other universal co variants 
of the group are covariants of L. Hence the simultaneous system of a linear 
form / and L, taken in the algebraic sense as the simultaneous system of a linear 
form and a form of order p + 1 will give formal modular invariant formations 
of I. We derive below a fundamental system of such concomitants for the case 
p = 2>. Note that some forms of the system are obtained by polarization. Let 
/ = aoxi + aiX2] p = S. The algebraical system of / is / itself. Polarizing this, 

C = {x^g-j f = aoxf + aixl, (^^ o") / = aoxf + aix^ = C", 
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D = { a^g^ ) / = a^ + alx2. 



The fundamental system of universal covariants of the group T3 is 

L = X1X2 — 2:1X2, Q = Xi -\- X1X2 + X1X2 + X2 = {{L, L) , i). 

The simultaneous system of / and L is (cf. §1, II) 

(i,r)'-(r=l,...,4); {Qjy{s=l,...,6). 

Of these some belong to the above polar system and some are reducible; as 
(Q,/2)2 = /C(mod3). But 

A = (i, f^Y = aofli - aoaf, 

B = (Q, ff = al+ ay^ + alaf + 4, 

E = {Q, f )' = ai(ao ~ '^1)2^1 ~ 0,^X1X2 + aiXiX2 + ao(ao ~ '^1)2:2 (mod 3). 



The polars 

{x'l)D^f,{x^^)E^DL 
{-'i)A^^,{a^l)B^A^ 

are reducible. The polar C" is also reducible. In fact, 



^^)E = DL\ 



C = CQ- JL^ (mod 3). 
The formal fundamental system of / modulo 3 is 

A,B,C,D,E,f,L,Q. 

6.5 Associated Forms 

Consider any two covariants 01, 02 of a binary form f(xi,X2) of order ni. Let 
the first polars of these be 

A = 0"^Viy, M = 02^ a;02y 

or 

A = A12/1 + A2y2, M = /^12/1 +^2^2 (159i) 

where 

1 901 1 902 

Ai = -^— , Mi = -^— (« = 1,2). 

Let the equations (159i) be solved for yi,2/2- Then if J is the Jacobian of the 
two covariants 0i,02, the result of substituting 2/1,2/2 for a;i,X2 in f{xi,X2) is 

f{yi,y2) = -j^{A,X^ + ^1 A™- V + . . . + ^™m™) 
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and the forms Aq, Ai, ■ ■ ■ , An are covariants of /, as will be proved below. But 
the inverse of (159i) constitutes a linear transformation on the variables j/i,j/2 
in which the new variables are A, fi. Hence if 

4'{o-o,ai,-- ■ ,a„; 1/1,2/2) 

is any covariant of / with xi,X2 replaced by the cogredient set yi,y2, and if 
/(yijy2) above is taken as the transformed form, the corresponding invariant 
relation is 

6 0(ao,ai,--- ,am;yi,y2) = J (p{-j^,-j^,---,j—;X,i^j, 

where C" is a constant. Now let (y) = (x), and this relation becomes, on account 
of the homogeneity in the coefficients, 

C 

4>{ao,ai,-- ■ ,a™;ai,X2) = — (/)(Ao, Ai,- •• , A^;4>i,(f)2). 

Thus every covariant (/) of / is expressible rationally in terms of the to + 3 
covariants of the system 

Ao,Ai,A2, ■ ■ ■ ,A,n,(t>l,4'2- 

Such a system of covariants in terms of which all covariants of a form are ratio- 
nally expressible is called a system of associated forms (Hermite) . The expres- 
sion for /(yi, 2/2) above is called a typical representation of /. 

Now we may select for (f>2 in this theory the universal covariant 

<^2j, = xiy2 - X2yi, 

and then the coefficient covariants Aq, Ai, ■ ■ ■ can be given in explicit symbolical 
form. First, however, we obtain the typical representation of / as an expansion 
based upon a formal identity. From 

A = Aij/i + A2J/2, M = /"lyi + ^22/2, 

i.e. A = Xy, ji = jiy] and / = a™, we have the identity 

{Xfijay = (aii)X — {aX)fi. 

If we raise both sides of this identity to the mth power we have at once the 
symbolical representation of the typical representation of /, in the form 

(A/x)"/(yi, 2/2) = BoX^ - to5iA™-V + • • • + (-1)"S„/^™, 

where 

So = (a^)™, Bi = (a/^)™-i(aA), B2 = (aM)""'(«A)2, • • • , B™ = (aA)™. 
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Also 

(Am)™ = J™. 

Now with /i = (xy) we have 

J = Aixi + A2X2 = (pi, 
by Euler's theorem. Moreover we now have 

Bo = a™ = /,i3i = a™-i(aA),i?2 = a™-2(aA)2, • • • , 
for the associated forms, and 

4'{ao,ai,--- \yi,y2) = --p(A(Bo, --81,^2, •• • \\y), 

and 

(^(ao,ai,--- ;xi,X2) = —</)(/, -Si, B2, •• • ;(/<,0). 

Again a further simplification may be had by taking for 4> the form / itself. 
Then we have 



B, = f,Bi = {ab)a^-'b^-' = 0,^2 = iab)iac)a^-'b^-'c^-\ ■ ■ ■ 
and the following theorem: 

Theorem. // in the leading coefficient of any covariant (j) we make the replace- 
ments 

ao, ai, 02, as, 

h{=f), -Bi(=0), B2, -Ss, •• 

and divide by a properly chosen power of (f>{= f) we have an expression for cj) 
as a rational function of the set of m associated forms 

M=f),Bi(=0),B2,B3r-- ■ 

For illustration let m = S, f being a binary cubic. Let (f) be the invariant R. 
Then since 

S2 = {ab){ac)b^Cx . a^b^c^ = -{abfa^b^cl = -A . /, B3 = fQ, 

where A is the Hessian, and Q the cubic covariant of /, the typical representation 
of/ is 

ff{y) = f + l^^^v' + Qrf. 

If one selects for (j) the invariant 

--i? = (aoas - 0102)^ - 4(aoa2 - a\){aia3 - a^), 
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and substitutes 










f ao, ( 


^1, 02, 03 \ 




[r'. 


0, iA/-^, -Qf-^J' 


there results 








>^ 


if-'Q)' + lf-'A^ 


f- 



That 



-Rf^ = 2Q^ 



A-' 



This is the syzygy connecting the members of the fundamental system of the 
cubic / (cf. Chap. IV, §4). Thus the expression of R in terms of the associated 
forms leads to a known syzygy. 



Chapter 7 

COMBINANTS AND 
RATIONAL CURVES 



7.1 Combinants 

In recent years marked advances have been made in that branch of algebraic 
invariant theory known as the theory of combinants. 

7.1.1 Definition. 

Let f,g,h,--- be a set of m binary forms of order n, and suppose that m < n; 
f = aox'l H , g = box'l -\ , h= cqx^ H . 

Let 

(f){ai,ai,-- • ; 6o, • • • ; cq,-- • ; xi,X2) 

be a simultaneous concomitant of the set. If (f) is such a function that when 
f,g,h,--- are replaced by 



/' = a/ + mg + Cih + --- , g' = ^2/ + ^2g + C2^ 



(160) 



the following relation holds: 

4>{(LQ,a!-^,--- ;6o,--- ;co,--- ;xi,X2) 

= (C'?C---)''</'(oo,ai,--- ;^o,--- ;co,--- \xi,X2)\ (161) 

where 



D = {i^c---) = 



Ci, m, Ci, 

6, "^2, C2, 

6, ??3, C3, 

^4, "'74, C4, 
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then (p is called a combinant of the set (Sylvester) . 

We have seen that a covariant of / in the ordinary sense is an invariant 
function under two linear groups of transformations. These are the group given 
by T and the induced group (23i) on the coefficients. A combinant is not only 
invariantive under these two groups but also under a third group given by the 
relations 

a'o = Ciflo + mbo + Cico H , 

a'l = Ciai + mh + Cici H , 

(162) 

^0 = 6ao + '72^0 + C2C0 H , 

As an illustration of a class of combinants we may note that all transvectants 
of odd index of / and g are combinants of these forms. Indeed 

(Ci/ + m5,e2/ + r/25)''+' 

= ei6(/, /)"-+' + miL 5)"-+' + vimig, 5)"^+' (163) 

= miLgr^\ 

by (79) and (81). Hence {f,g)'^^^^ is a combinant. Included in the class (163) 
is the Jacobian of / and g, and the bilinear invariant of two forms of odd order 
(Chap. Ill, V). 

7.1.2 Theorem on Aronhold operators. 

Theorem. Every concomitant, (j)> of the set f,g,h,--- which is annihilated by 
each one of the complete system of Aronhold' s polar operators 

«!)' G^)' (^1)' {^L 

is a combinant of the set. 

Observe first that (j) is homogeneous, and in consequence 



where ii is the partial degree of 4> in the coefficients a of /, 12 the degree of <j) in 

|;)0=O,then(a'j|. 

dcj)' 



the coefficients of gr, and so forth. Since {(i4t,)4' = Oj then {a' -^)(f)' = 0. Thus 



+ (Ciflo + ml'o H 1- o"ieo) 



d{^2ao +%&oH h 0-260) 



{Ciai+mbi + --- + Tiei)^ \ r (164) 

^(^ai + mh -\ h 0-261) 



+ (Cia« + mbn H h 0-1 e„) 



d{^2an + mK H h o-26„) 
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^lE^- .r. J^^\ v + --- + '^iE^^ .,, /'^^ V = 0- (165) 

^ <?(C2ai H h 0-26^) ^ a(6ai H \- (^2ei) 

^ Y^ d<p^ d{^2ai H h g2ei) 

^i^a(e2ai + --- + (T2e,) 9^2 



^ o(6ai H h o-2ei) 90-2 

Hence 

V 0^2 0'?2 Off2/ 

and generally, 

V ^6 dijt datj J =i,0'(s = t), 

where i is the total degree of (f) in all of the coefficients. In (167) we have m^ 
equations given by (s, t = 1, • • • ,m). We select the following m of these and 
solve them for the derivatives g$- , • • • : 

dcf^' ^50' 9,/.' . 

^^9| + ^^9^ + -- + '^^9^^°' (1^«) 



^ 9(/.' 90' 90' 

9?! 9?7i acTi 



Solution of these linear equations gives 

n.,1 dD „ ,, dD „ ,, dP 

96 m---)''^'d^, (c^c---)''^'"' '5<Ti - (eryc---)'"'^- 

But we know that 

a0 = ^^a?i + 7^— "»7i H ^ ^ — a^i- 

9?i orji aa\ 



Hence 



dD ,^ dD , dD \ ii0' 

dD. 

^^10. 
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Hence we can separate the variables and integrate: 

d(l)' dD 

^' = D'^F{ao,...), 



(169) 



where F is the constant of integration. To determine F, particularize the rela- 
tions (162) by taking all coefficients CtVj ' ' ' zero except 



Then a^ = ao^a'^ = ai, • 



He 



Cl = ??2 = •• • = 0"m = 1- 

,b'^ = bi, etc., and (169) becomes 
(j) = F. 



which proves the theorem. 

It is to be noted that the set (168) may be chosen so that the differentiations 
are all taken with respect to ^fc, r/k, • • • in (168). Then we obtain in like manner 



■' = D"'c 



Thus 



«1 = «2 



That is, a combinant is such a simultaneous concomitant that its partial de- 
grees in the coefficients of the several forms are all equal. This may be proved 
independently as the 



7.1.3 Partial degrees. 

Theorem. A combinant is of equal partial degrees in the coefficients of each 
form of the set. 



We have 



He 



"Ml i^L 



d 



^L) {"^b 



0=0. 



d 



da J \ db 
Thus ii = i2- Similarly ij = ik{j,k = 1, 2, • • • , ni) 



(f)= (ii -i2)4'= 0. 
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Hence 



7.1.4 Resultants are combinants. 

Theorem. The resultant of two binary forms of the same order is a comhinant. 

Let 

/= f{xi,X2), g = g{xi,X2). 

Suppose the roots of / are (rj^* , r2 )(i = 1, • • • ,n), and of g (s^* , Sj )(i = 
1, • • • ,n). Then the resultant may be indicated by 

R = gir['\ri%ir^^\ri'^)...gir[-\r^-\ 

and by 

R=f{4\4^)f{s^^\s^^^)---f{s[-\si-^). 

a|) R = mr['\4%ir['\ri'y) ■ ■ ■ g{r'(^\r^-^) = 0, 

b§-^ R = E,(.«, .W)/(.f ), 4^)) . . . /(4"\ 4"^) = 0. 

Thus i? is a combinant by Theorem 11. 

Gordan has shown^ that there exists a fundamental combinant of a set of 
forms. A fundamental combinant is one of a set which has the property that its 
fundamental system of concomitants forms a fundamental system of combinants 
of the set of forms. The proof of the Theorem II of this section really proves also 
that every combinant is a homogeneous function of the determinants of order 

TO, 

flfcl ^fci Cfcj • • • Ik^ 
flfc, ^fc, Cfc, • • • Ik^ 



ak„ 



h^ Ck„ 



h 



that can be formed from the coefficients of the forms of the set. This also follows 
from (162). For the combinant is a simultaneous invariant of the linear forms 



Cflfc + ribk + Cck -\ h (^lk{k = 0, 1, • • • , n), 



(170) 



and every such invariant is a function of the determinants of sets of m such 
linear forms. Indeed if we make the substitutions 
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in (170) we obtain 

a'fc = Ciflfc + mbk + CiCfc H , 

b'k = 6afc + mbk + C,2Ck -\ , 



and these are precisely the equations (162). 

For illustration, if the set of n-ics consists of 

/ = oqXj + 201X1X2 + 02X2, 
g = boxj + 2feixiX2 + 62X2, 

any conibinant of the set is a function of the three second order determinants 

(aobi - ai6o), (ao&2 - 02^0), (ai^2 - 02^1)- 
Now the Jacobian of / and g is 

J = {aobi — aibo)xl + (00^2 - a26o)xiX2 + (0162 - a2&i)x2. 

Hence any combinant is a concomitant of this Jacobian. In other words J 
is the fundamental combinant for two quadratics. The fundamental system 
of combinants here consists of J and its discriminant. The latter is also the 
resultant of / and g. 

The fundamental system of combinants of two cubics /, g, is (Gordan) 

^=(/,5), d=iLgf, A=(^,^)2, (^,^)4, (A,^), (A,^)4. 

The fundamental combinants are 'd and 0, the fundamental system consisting 
of the invariant 6 and the system of the quartic -& (cf . Table 11) . 

7.1.5 Bezout's form of the resultant. 

Let the forms /, g be quartics, 

/ = aoxj + aixfx2 + • • • , 
g = boxf + 61X1X2 + • • • . 

From / = 0, p = we obtain, by division. 



ao 


aixf + 02X1X2 + 03X1X3 


+ 04 X2 


bo 


61 xf + 6; 


2X1X2 + 63X1X2 


+ 64xf 


aoxi 


+ aiX2 
+ biX2 


02X1 + 03X1X2 


+ 04X2 


60X1 


62X1 + 63X1X2 


+ 64XI 


aoxf 


+ 01X1X2 


+ 02X2 03x1 


+ 04X2 



60X1 + 61X1X2 + 62X2 63X1 + 64X2 ' 

OflXi + O1X1X2 + O2X1X2 + O3X2 04 

6oxf + 61X1X2 + 62x1X2 + 63X2 64 
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Now we clear of fractions in each equation and write 






hi 
h 



Pik- 



We then form the eliminant of the resulting four homogeneous cubic forms. This 
is the resultant, and it takes the form 



R = 



POl P02 P03 P04 

P02 P08 + Pl2 POi + Pl3 Pl4 

P03 P04 + Pl3 PU + P23 P24 

P04 PU P24 P34 



Thus the resultant is exhibited as a function of the determinants of the type 
peculiar to combinants. This result is due to Bezout, and the method to Cauchy. 

7.2 Rational Curves 

If the coordinates of the points of a plane curve are rational integral functions of 
a parameter the curve is called a rational curve. We may adopt a homogeneous 
parameter and write the parametric equations of a plane quartic curve in the 
form 



X2 = 020^1 + a2iCi6 
X3 = asoCi + a3iCi6 



014^2 = fl(ilA2), 



t-4 
0-24^2 



/2(ei,6), 



(170i) 



034^2 = /3(Cl,6)- 



We refer to this curve as the i?4, and to the rational plane curve of order n as 
the Rn. 



7.2.1 Meyer's translation principle. 

Let us intersect the curve R^ by two lines 

Ux = uixi + U2X2 + W3a;3 = 0, 
v^ = t;ixi + W2X2 + v-^x^ = 0. 

The binary forms whose roots give the two tetrads of intersections are 

Uf = (aioui + 020^2 + a30M3)Ci + {aiiui + 021^2 + a3iW3)CiC2 

+ (ai2Ml + 022^2 + 032^3)^1 W3)ClC2 + (aiSWl + 023^2 + a33U3)S.lS.2 
+ {ai4Ul + 024^2 + 034^3)^2 > 

and the corresponding quartic Vf. A root (^1,^2) of u^^ = substituted in 



(170i) gives one of the intersections {x\ 



(i) Ji) Ji) 



''2 ; 



Xg ) oi Ux = and the i?4 



150 



CHAPTER 7. COMBINANTS AND RATIONAL CURVES 



Now Uf = 0, Vf = will have a common root if their resultant vanishes. 
Consider this resultant in the Bezout form R. We then have, by taking 

a-iu = aiiUi + a2iU2 + a^nu^ (i = 0, • • • ,4), 

Pik ^iu^kv ^iv^ku- 

Thus 

Pik = {uv)i{a2ia-ik - a2ka3i) + (ut')2(a3iaife - aijOsfc) 

+ {uv)3{aua2k - aika2i), 

where {uv)i = U2V3 — M3W27 {uv)2 = W3W1 — M1W3, (ww)3 = U1V2 — U2V1. Hence 



Pik = 



{uv)i {uv)2 {uv)3 
an a2i a^i 

aik a2k ask 



But if we solve u^ = 0, Vx = we obtain 



xi : X2 : X3 = {uv)i : {uv)2 : (ww)3- 



Therefore 



Pik = o- 



Xl X2 X3 

an a2i a3i 
flifc a2fc flsfc 



(i,fc = 0,...,4), 



where o" is a constant proportionality factor. We abbreviate 

Pik = (T\xaiak\. 

Now substitute these forms of pik in the resultant R. The result is a ternary 
form in xi, X2, X3 whose coefficients are functions of the coefficients of the i?4. 
Moreover the vanishing of the resulting ternary form is evidently the condition 
that Ux = 0, Vx = intersect on the R4. That is, this ternary form is the 
cartesian equation of the rational curve. Similar results hold true for the _R„ as 
an easy extension shows. 

Again every combinant of two forms of the same order is a function of the 
determinants 

at ak 

bi bk 



Pik = 



Hence the substitution 



Pik = cr\xaiak\, 



made in any combinant gives a plane curve. This curve is covariantive under 
ternary collineations, and is called a covariant curve. It is the locus of the 
intersection oi u^ = 0, v^ = when these two lines move so as to intersect the 
rational curve in two point ranges having the projective property represented 
by the vanishing of the combinant in which the substitutions are made. 
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7.2.2 Covariant curves. 

For example two cubics 

/ = aoxl + aix\xs ^ ,g = b+ {ix\ + hixlx2 + • • • , 

have the combinant 

K = (aobs - 0360) - i^(ai&2 - 02^1)- 

When K = the cubics are said to be apolar. The rational curve R3 has, then, 
the covariant curve 

K{x) = Ixaoflal - -\xaia2\ = 0. 

This is a straight line. It is the locus of the point {u^, v^) when the lines u^ = 0, 
v^ = move so as to cut R^ in apolar point ranges. It is, in fact, the line which 
contains the three inflections of R3, and a proof of this theorem is given below. 
Other theorems on covariant curves may be found in W. Fr. Meyer's Apolaritat 
und Rationale Curven (1883). The process of passing from a binary combinant 
to a ternary covariant here illustrated is called a translation principle. It is 
easy to demonstrate directly that all curves obtained from combinants by this 
principle are covariant curves. 

Theorem. The line K{x) = passes through all of the inflexions of the rational 
cubic curve R3. 

To prove this we first show that if g is the cube of one of the linear factors 

f J- (1) , (1) \3 

of / = ai 'xi + a^2 X2) , 

g = {a\ 'xi + a\ ^^2)^, 
then the combinant K vanishes identically. In fact we then have 
h (1)3 I, Q (1)2 (1) 

and 

_ (1) (2) (3) _ V rv(l)n-(2)^(3) 

When these are substituted in K it vanishes identically. 

Now assume that u^ is tangent to the R^ at an inflexion and that v^ passes 
through this inflexion. Then Uf is the cube of one of the linear factors of w/, and 
hence K{x) vanishes, as above. Hence K(x) = passes through all inflexions. 

The bilinear invariant of two binary forms /, g of odd order 2n-\- 1 = ni is 

Tfi 

Km = a + Gbm - maibm-i + ( ^ )«2&m-2 H 1- mam-ibi - a^bo, 

or 

/ Tfl\ I Tfi\ 

Km = Pora " mpim-l + ( jp2m-2 " h (-1)" ( ]Prm+l, 
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where / = aox™ + maix™^ X2 + ■ ■ ■ ■ 

If two lines u^ = 0, v^ = cut a rational curve Rm of order m = 2n + I in 
two ranges given by the respective binary forms 

Uf,Vf 

of order to, then in order that these ranges may have the projective property 
Km = it is necessary and sufficient that the point {ux,Vx) trace the line 

K™(x)^f:(-ir^^ = o. 

i=l V i / 

This line contains all points on the R^ where the tangent has m points in 
common with the curve at the point of tangency. The proof of this theorem is a 
direct extension of that above for the case to. = 3, and is evidently accomplished 
with the proof of the following: 

Theorem. A binary form, f , of order m is apolar to each one of the m, ni-th 
powers of its own linear factors. 

Let the quantic be 

m 

f = a^ = a,xT + ■■■ = \{{r^^^xi - r^^^^)- 

The condition for apolarity of / with any form p = 6™ is 

(a6)™ = ao6™ - TOai6™_i + • • • + (-l)"a™6o = (/, oT = 

But if g is the perfect TO.-th power, 

g = (r^^'^xi - r^^'^xa)™ = (xr^^))™, 

we have (cf. (88)) 

(/,5)™ = (a™,(xrW)™)™ = {-ira^,,„ 

which vanishes because {r^\ ?'2 ) i^ ^ root of /. 

To derive another type of combinant, let /, g be two binary quartics, 

/ = aQx\ + '^aix\x2 + • • • . g = bax\ + 46ixfx2 H . 

Then the quartic F ^ f -\- kg = Aqx\ -\- ■ ■ ■ ^ has the coefficient 

Ai = ai + kbi (i = 0,l,--- ,4). 

The second degree invariant ip = A0A4 — AA1A3 + 3^2 of F now takes the form 

• .• , S^i. . 
I = ot • k -\ — —k = ip^ 
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where 5 is the Aronhold operator 

, d ,5 ,9 ,9 ,9 

= oot; hoi- 1-02^ 1-03- 1-04- — , 

aao oai oa2 oa^ 004 



and 

The discriminant of ip, e.g., 



i = aoa^ — 4aia3 + 802. 



G= (5if -2i{5^i), 
is a combinant of the two quartics f,g. Exphcitly, 

G* = -P04 + 16pi3 - 8|3o3Pl4 - 8P01P34 + 12po2P24 " 48pi2_P23- 

Applying the translation principle to G = we have the covariant curve 

2 1 2 1 1 

G{x) = \aQa4^x\ -\ |aia3x| |aoa3x| |aia4x| |aoaix| [0304x1 

16 2 ' 2 

+ o l«oa2a;| |a204x| - — |ai02x| |a203x| = 0. 

If ii? = the quartic F is said to be self-apolar, and the curve G{x) = has 
the property that any tangent to it cuts the R4 in a self-apolar range of points. 
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Chapter 8 

SEMIN VARIANTS. 
MODULAR INVARIANTS 

8.1 Binary Semivariants 

We have already called attention, in Chapter I, Section 1, VIII, to the fact that 
a complete group of transformations may be built up by combination of several 
particular types of transformations. 

8.1.1 Generators of the group of binary collineations. 

The infinite group given by the transformations T is obtainable by combination 
of the following particular linear transformations: 

t : xi = Ax, X2 = fJ-y, 
h:x = x' + vy',y = y' , 
t2 '■ x' = x'l , y' = ax'i -\- x'2 ■ 

For this succession of three transformations combines into 

xi = A (1 + av) Xi + Az/X2, X2 = (tijlxi + /^X2, 

and evidently the four parameters, 

/i2 = /i, A2 = (Jj-L, jjLi = Ai^, Ai = A (1 + av) , 

are independent. Hence the combination of t, ti, t2 is 

T : xi = X\x'i + 111X2, X2 = A2x'i + ^22:2. 

In Section 4 of Chapter VI some attention was given to fundamental sys- 
tems of invariants and covariants when a form is subjected to special groups of 
transformations Tp. These are the formal modular concomitants. Booleans are 
also of this character. We now develop the theory of invariants of a binary form 
/ subject to the special transformations ti. 

155 
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8.1.2 Definition. 

Any homogeneous, isobaric function of the coefficients of a binary form / whose 
coefficients are arbitrary variables, which is left invariant when / is subjected to 
the transformation ti is called a seminvariant. Any such function left invariant 
by ^2 is called an anti- seminvariant. 

In Section 2 of Chapter I it was proved that a necessary and sufficient con- 
dition that a homogeneous function of the coefficients of a form / of order m 
be an invariant is that it be annihilated by 

^ 9 9 d 

U = ma\ — h (m — 1 ja2 - 



aao oai oam-i 

9 9 9 

" = ciQ— h 2ai— !-••• + mam-i ■ 



fli 002 oam 

We now prove the following: 

8.1.3 Theorem on annihilator Q. 

Theorem. A necessary and sufficient condition in order that a function I, 
homogeneous and isobaric in the coefficients of f = a™, may be a seminvariant 
of f is that it satisfy the linear partial differential equation QI = 0. 

Transformation of / = aox™ + maix^^ X2 + ■ ■ ■ by ti gives /' = Ogx'/" + 



maix'^ X2 + ---, where 






a'o = ao, 






a[ = ai + oqw. 






a'2 = 02 + 2aiv + aov^, 


■ + aov"'. 




I fm\ 2 
Om = am + mam-iv + 1 2 j ""^-^^ + • • 




Hence 






da'o _ da[ _ 94 _ , 94 _ 
dv dv dv dv 


9a'm 1 
dv ='"«™-i- 




Now we have 






dI{a'o,a[,---) 9/ da'o 9/ da[ 
dv da'g dv da[ dv 


^ 9/ da'm 
da'm 9v 




= («°9a',+2«'i9a'2+--- + "^'^™-i9a;„)' = 


-Q'lia'or--). 


(172) 


But — ^^ — - = is a necessary and sufficient condition in order that /(oq, 


•••,a'„ 


may be free from w, i.e. in order that /(oq, • • • ) may 


be unaffected when we 


make v = 0. But when w = 0, a'^ = aj and 






HK, • • • , a'™) = I{ao, • • • , am). 
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Hence ^ = f^'(ao, • • • ) = is the condition that /(a'g, • • • ) be a seniinvariant. 
Dropping primes, QI{ao, • • • ) = is a necessary and sufficient condition that 
/(oq, • • • ) be a seniinvariant. 

8.1.4 Formation of s em invariants. 

We may employ the operator Q advantageously in order to construct the sem- 
invariants of given degree and weight. For illustration let the degree be 2 and 
the weight w. If w is even every seniinvariant must be of the form 

I = CLoaw + Aiaiatu_i + \20-2Ciw-2 + • • • + ^:Lyjai^. 

Then by the preceding theorem 

Q.I = {w + Xifaaa^^i + {{w - l)Ai + 2A2)aia„,_2 H = 0. 

Or 

w;+Ai = 0, (m;-1)Ai+2A2 = 0, (w;-2)A2+3A3 = 0, • • • , (^^ + l) Ai„_i+w;Ai^ = 0. 
Solution of these linear equations for Ai, A2, • • • gives 

/ = a(,ayj - ( -, ] aifltu-i + ( r, ) «2a«;-2 - • • • 



+ (_l)2«'-l 

'-2 



iw;-l/"t' 



2^ ' \\w) 2' 



Thus there is a single seniinvariant of degree 2 for every even weight not exceed- 
ing ni. 

For an odd weight w we would assume 

/ = aoa^ + Xiaia^^i + • • • + ^^[w-\)'^}^{w-i)'^\{w+i)- 
Then f]/ = gives 

w+Ai = 0, (m;-1)Ai+2A2 = 0, • • • , :^{w+i)\x^^^_^^ + -{w-l)\x^^^_^^ = 0, Ai(^_i) = 0. 

Hence Ai = A2 = • • • = Xk{w-i) = 0? ^ind no seniinvariant exists. 
Thus the complete set of seminvariants of the second degree is 

2 



A2 = 0002 - Oj 

- ' -.2 



A4 = 00O4 — 4oia3 + 3a2, 



Aq = OgOg — 60105 + I502O4 — 1003, 

As = ogog — 80107 + 2802O6 — 560305 + 3504. 
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The same method may be employed for the seminvariants of any degree and 
weight. If the number of linear equations obtained from QI = for the de- 
termination is just sufficient for the determination of Ai, A2, A3, • • • and if these 
equations are consistent, then there is just one seminvariant / of the given degree 
and weight. If the equations are inconsistent, save for Aq = Ai = A2 = • • • = 0, 
there is no seminvariant. If the number of linear equations is such that one 
can merely express all A's in terms of r independent ones, then the result of 
eliminating all possible A's from / is an expression 

/= Ai/i + A2/2 + --- + A^/^. 

In this case there are r linearly independent seminvariants of the given degree 
and weight. These may be chosen as 



8.1.5 Roberts' Theorem. 

Theorem. // Co is the leading coefficient of a covariant of f = aox™ + • • • of 
order lo, and C^ is its last coefficient, then the covariant may be expressed in 
the forms 

C^x-y + — -j-a;i XI ^ ^T— x^ X2^ \ j— X2, (173) 

j— 2^1 + 7 zrr-^Xy X2 H V -—7-X1X2 + C^X2 ■ (174) 

ujl yio — 1) ! 1 ! 

Moreover, Cq is a seminvariant and C^ an anti- seminvariant. 
Let the explicit form of the covariant be 



K = CqxX + ( J Cixr'a^2 + • • • + C^x% . 



Then by Chapter I, Section 2, XII, 



d 

n-X2^— ] K = {i. 
dxi' 



Or 



„w-l_ I l^\tr^r^ nr^ \^^-'2 2 



ncox'^ + uj{nci - Co)x'^-'x2 + ( ] {nc2 - 2Ci)x^-^x^ + • • • 
+ Lu{nc^^i -iv- ic^^2)xix'^-^ + {nc^ - ivc^-i)x'^ = o. 
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Hence the separate coefficients in the latter equation must vanish, and therefore 



nCo = 0, 
Q,Ci = Co, 
iiC2 = 2Ci, 



^C^^l = {uj- 1)C^_2, 

r2C(^ = wCt^-i. 

The first of these shows that Co is a seniinvariant. Combining the remaining 
ones, beginning with the last, we have at once the determination of the coeffi- 
cients indicated in (174). 
In a similar manner 

and this leads to 

OCo = u;Ci, OCi = {iv- 1)C2, • • • , OC^_i = C^, OC^ = 0; 

This gives (173). 

It is evident from this remarkable theorem that a covariant of a form / is 
completely and uniquely determined by its leading coefficient. Thus in view of a 
converse theorem in the next paragraph the problem of determining covariants 
is really reduced to the one of determining its seminvariants, and from certain 
points of view the latter is a much simpler problem. To give an elementary 
illustration let / be a cubic. Then 

d d d 

= 3ai- h2a2^ has-—, 

oao oai oa2 

and if Cg is the seniinvariant aoa2 — a\ we have 

OCo = 00^3 ~ aia2, O Co = 2(aia3 — Oj), O Co = 0. 

Then 2K is the Hessian of /, and is determined uniquely from Co . 

8.1.6 Symbolical representation of seminvariants. 

The symbolical representation of the seniinvariant leading coefficient Cq of any 
covariant K of /, i.e. 

K = {aby{acy ■ ■ ■ alb^cl ■ ■ ■ {r + s + t + ■ ■ ■ = u>), 

is easily found. For, this is the coefficient of xi in K, and in the expansion of 

{ahY{acY ■ ■ ■ {aixi + 02X2)^" (61X1 + h2X2y ■ ■ ■ 



160 CHAPTER 8. SEMINVARIANTS. MODULAR INVARIANTS 

the coefficient of xf is evidently the same as the whole expression K except that 

ai replaces a^, 61 replaces b^, and so forth. Hence the seniinvariant leader of K 

is 

Co = {ab)P{acy---albfci--- 

(r + s + t + • • • a positive number) . 

In any particular case this may be easily computed in terms of the actual coef- 
ficients of / (cf. Chap. Ill, §2, I). 

Theorem. Every rational integral seminvariant of f may be represented as a 
polynomial in expressions of the type Cq, with constant coefficients. 

For let (f> be the seminvariant and 

Ha'or--) = 0(ao,---) 
the seminvariant relation. The transformed of 

/= {aixi -\a.2X2Y' 

by 

t\ : x\ = x\ + vx'2^ X2 = x'2, 
is 

If the ao,ai,--- in 0(ao,---) are replaced by their symbolical equivalents it 
becomes a polynomial in ai , 012 , /3i , /32 , • • • say F(ai,a2, /3i, P2, ■ ■ ■)■ Then 

0(ao,---) = F(ai,aiv + a2,l3i,f3iv + 132,-- ■) 
= F(ai,a2, A,/32,•••)■ 
Expansion by Taylor's theorem gives 

f d d d \ 

V \ai- 1" AiTo" +'>'i^ 1 1 F{ai,a2,l3i,(32,-- •) = 0- 

Now a necessary and sufficient condition that F should satisfy the linear partial 
differential relation 

f d d \ 

'^-[^^0^2^^'M^-T^'' 

is that F should involve the letters q;2, /?27 • • • only in the combinations 

(a/?),(a7),(/?7),... . 

In fact, treating §F = as a linear equation with constant coefficients (ai, (3i, ■ ■ ■ 
being unaltered under fi) we have the auxiliary equations 

da 2 rf/32 dj2 dF 

«! (31 7i 
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Hence _F is a function of (a/?), (0:7), • • • with constant coefficients wfiicfi may 
involve the constants q;i,/3i,---. In other words, since (j){ao) = F{ai,---) is 
rational and integral in the a's _F is a polynomial in these combinations with 
coefficients which are algebraical rational expressions in the ai, j3i,- ■ ■ . Also 
every term of such an expression is invariant under fi, i.e. under 

ai = a\., a2 = Oiiv -\- a2, ■ ■ ■ , 
and is of the form 

required by the theorem. 

We may also prove as follows: Assume that i^ is a function of (a/3), {ct^), 
(q;(5), • • • and of any other arbitrary quantity s. Then 

dF OF d{al3) dF d{a^) dF ds 

Ctl T, = Ctl TTT 7; ~~^ h Cei — — ;r h • • • + cti ■ 



da2 d{a(3 da2 d{aj) da2 d,s 9^2 ' 



OF _ r, dF d(af3) dF d{aj) dF ds 

dbeta2 d{af3 8(32 9(0:7) '9/^2 ds 9/?2 ' 



etc. But 



dF d{aP) _ dF 

d{a/3) da2 d{a/3) ' 

^J^d{a0)_^ dF 

^^d{a(3) 9/32 ^'^d{al3y 



Hence by summing the above equations we have 

SF- — (a— — \- —6s - 

ds \ da2 9/32 / ds 

Since s is entirely arbitrary we can select it so that 6s y^ 0. Then ^ = 0, and 
F, being free from s, is a function of the required combinations only. 

Theorem. Every seminvariant of f of the rational integral type is the leading 
coefficient of a covariant of f. 

It is only required to prove that for the terms Fq above w = p + a + ■ ■ ■ is 
constant, and each index 

p, CT, • • • 

is always a positive integer or zero. For if this be true the substitution of 
o^x, Px, ■ ■ ■ for ai , /?! , • • • respectively in the factors Q;]'/3f • • • of Fq and the other 
terms of F, gives a covariant of order w whose leading coefficient is (/)(ao, • • • )• 
We have 

^ Fo = ^(a/3)P^ (a^r- ■ ■ ■ a.{iil ■■■ = 0(ao, • • • )• 
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If the degree of (j) is i, the number of symbols involved in Fq is i and its degree 
in these symbols im. The number of determinant factors {a(3) ■ ■ ■ is, in general, 

and this is the weight of <j). The degree in the symbols contributed to Fq by the 
factors (a/3) • • • is evidently 2w, and we have p,a, ■ ■ ■ all positive and 

im ^ 2w, 

that is, 

u! = im — 2w ^ 0. 

For a more comprehensive proof let 

d= a2 t; h P2 -WTT ^ ■ 

oai api 

Then 

r, ,r 9 _^ d d ^ d 

dd- dd = ai h /Ji -—- -\ a2 ^ P2 ^-5- H • 

oai opi oa2 op2 

Hence, since Fq is homogeneous in the symbols we have by Euler's theorem, 

(5d—d5)VQ = (w -\- Ln — w)Vq = ujVq^ 
{5d^ - d^5)TQ = {5d - d5)dro + d{6d - d6)ro = 2{u> - l)dFo, 



(<5/ - d'=(5)Fo = k (a;-A: + l)/"iFo(fc= 1,2, ...), 



But 

6T0 = 0, hence Sd'^o = k{uj - k + l)d''-^To. 

Also 

dai = da™^^a2 = ("^ ~ i)ai-i = Oai (i = 0, 1, . . . , m — 1), 
d4> = t; — dao + t; — dai -\ h dam-i = Ocj). 



Hence d Vq is of weight w -\- k. Then 

For this is of weight im + 1 whereas the greatest possible weight of an expression 
of degree i is im^ the weight of a\^. 

Now assume w to be negative. Then d*™^"'Fo = because 

^^im-»+ip^ = (im - u. + l)[a> - (im - w; + 1) + l]d™-"'Fo = 0. 

Next d™-"'-iFo = because 

Q^im-wy^ = (im -w)[uj- {im -w) + l]d^™-"'-iFo = 0. 

Proceeding in this way we obtain Fq = 0, contrary to hypothesis. Hence the 
theorem is proved. 
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8.1.7 Finite systems of binary sem invariants. 

If the binary form / = a^x™ + maix™^ + • • • be transformed by 

Xl = x'l -\- Vx'2, X2 = x'2, 

there wih result, 



/' = Co^r + mCix'™-ix'2 + {^ C^x'l 



,/m-2 /2 I ... I /7 ^Im 



in which 

Ci = aoiy"- + iaiv^^^ + ( ) "2^^'"^ ^ ^ iai^iv + a^. (176) 

Since r^Cg = r^ag = 0, Cg is a seminvariant. Under what circumstances will all 
of the coefficients Ci(i = 0, • • • , m) be seminvariants? If Ci is a seminvariant 

Q,Ci = Q,{aQh' + ai) = agQiy + og = 0. 

That is, fJ:^ = — 1. We proceed to show that if this condition is satisfied QC'i = 
for all values of i. 

Assume Qv = —1 and operate upon Ci by Q. The result is capable of sim- 
plification by 

and is 

ilCi = —iaov^^ — I 1 (* ~ l)aii^*^2 _..._/ ) (i — r)arV^ 

-iai-i + ( J «oi^*"^ + 2 Q j aiz/^-2 + . 

* ]{r + l)ay-'-'^ + ■ ■ ■ + iai^i. 
r+lj 



But 



r + 11 r! \r ' 



Hence Q,Ci = 0. 

Now one value of v for which Q.v = — 1 is z/ = — — . If f be transformed by 

_ I 01 / _ / 

^1 — X-^ X2,X2 — •^2' 

ag 
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then Ci = 0, and all of the remaining coefficients Ci are seminvariants. More- 
over, in the result of the transformation, 



all '^i = «o ai-(,l«o fli-iai+Lj^o «i-2«i 



+ {-iy-'[Jaoa2a{-' + {-iy-\i-l)a\ 



i-2 



^(-ir (J ar-'a,_.a^ + (-ir Hi - 1)«1- 



This gives the explicit form of the seminvariants. The transformed form itself 
may now be written 



f/ r „/7T 

7 — i^oxi 



2^^^! ^2+(^3;f2^1 ^2+ +frp^2- 



Theorem. Every seminvariant of f is expressible rationally in terms o/Fq, r2, 
Ts, ■■■ , Fm- One obtains this expression by replacing ai by 0, ao by Fq, and 
ai(i^ 0,1) 6y 

— rir m i/ie original form of the seminvariant. Except for a power of Fq = 

i 

oq ot i/ie denominator the seminvariant is rational and integral in the Ti(i = 
0,2,--- ,m) (Cayley). 

In order to prove this theorem we need only note that /' is the transformed 
form of / under a transformation of determinant unity and that the seminvari- 
ant, as iS*, is invariantive under this transformation. Hence 

S ro,0, Tr-,T72-i--- 7 „m"i = S{ao,ai,a2,--- ,am), (177) 

which proves the theorem. 

For illustration consider the seminvariant 

S = a^a^ — Aaia^ -\- Sa2- 

This becomes 



F2 
^ 



or 

S = aoa4 — Aaias -\- 802 
1 



[3(aoa2 — a-i) + (aQa^ — Aa^aias + 6aoa]^a2 — Soj^)]. 



This is an identity. If the coefficients appertain to the binary quartic the equa- 
tion becomes (cf. (125)) 

-ali = 3F2 + F4. 
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Again if we take for S the cubic invariant J of the quartic we obtain 

1 
6' 



J = 


ao ^Fa 

iPs 4r3 

ao ^ 05 
ao ^ ai -^ a;] 4 


; 


^-ap = T2T4 -Tl- Tl 


for i and J we have 


^alir,-3rl = ^alJ + rl + rl 



r2r4 



Now 2T2 is the seminvariant leading coefficient of the Hessian H of the quartic 
/, and T3 is the leader of the covariant T. In view of Roberts' theorem we 
may expect the several covariants of / to satisfy the same identity as their 
seminvariant leaders. Substituting ^H for Fa, T for Fs, and / for oq, the last 
equation gives 

H^ + -fj + 2T^ - -ifH = 0, 



which is the known syzygy (cf. (140)). 



8.2 Ternary Seminvariants 



We treat next the seminvariants of ternary forms, Let the ternary quantic of 
order m be 



/-E 



),i 



mi\m2\m^\ 



x™^x™^x™^, (nil + 'ni2 + 'TIS = fn)- 



When this is transformed by ternary collineations, 

xi = Aix']^ + lJ.ix'2 + i^ix'-^, 
V : X2 = Mx'i + lJ.2x'2 + V2x'-i, 

X3 = Aax'i + fi3x[ + 1^3X3, (XfJ-iy) 7^ 

it becomes /', where the new coefficients a' are of order m in the A's, /i's, and 
z/'s. This form / may be represented symbolically by 

f = a™ = (aixi + 02X2 + 03X3)™ 

The transformed form is then (cf. (76)) 



/' = {axx[ + a^X2 + fli^Xg) 
to! 



(178) 



-E 



toi!to.2!to3! 



mi rao m^ Tn\ 7n9 ms / i i \ 

^ a ''a ''Xy X2 Xg [mi + to.2 + TO3 = m) . 
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Then we have 



Now let 



■mim2m3 "A fi v 



d \ d d d 



Then, evidently (cf. (75) and (23i)) 

im-m,-m,)l<-^-^=[^d-x) Vdx) "™ (-1 +-2 + ^3 = m). 

(179) 
This shows that the leading coefficient of the transformed form is a™, i.e. the 
form / itself with (x) replaced by (A), and that the general coefficient results 
from the double ternary polarization of a™ as indicated by (179). 

Definition. 

Let be a rational, integral, homogeneous function of the coefficients of /, and 
(/}' the same function of the coefficients of /'. Then if for any operator (/^jjx)' 
(At^), • • • , say for ( X-^ J , the relation 

is true, (j} is called a seminvariant of /. 

The reader should compare this definition with the analytical definition of 
an invariant, of Chapter I, Section 2, XL 

8.2.1 Annihilators 

. A consequence of this definition is that a seminvariant satisfies a linear partial 
differential equation, or annihilator, analogous to Q in the binary theory. 
For, 



d(j)' [ da[ 



-'OOm 



and 
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Hence 

9 \ , ■r-^ , dcf)' 
^TT H* = Z^ "^2a™i+i ™,_i ms -H-, = (mi + m2 + ms = m) . 

(180) 
Now since the operator 

2_^ m2a„^^i „2_i ^3 

annihilates 0' then the following operator, which is ordinarily indicated by 
^X2xn is an annihilator of (/). 

^x.2Xi = ^ »«2ami+i m2-i "3 "o (»™1 + m2 + ms = m) (181) 

t''^mim2TO3 



The explicit form of a ternary cubic is 



/ = a30oa;i + 30210X1X2 + 80120X1X2 + 0030X2 + 80201X1X3 
+ 60111X] 

In this particular case 



+ 60111x1x2x3 + 80021X2X3 + 8oio2Xix| + 80012x2X3 + 0003X3. 



d d d d 

'ix2Xi = asOOT^ h2o2io^ h 80120^ h 0201 



9o2io 9oi2o 9oo8o 9aiii 

This operator is the one which is analogous to Q in the binary theory. From 
[l^gjj </>' by like processes, one obtains the analogue of O, e.g. riajja;^. Similarly 
r^jjjajg, rix3Xi, rix2X3, rix3X2 may all be derived. An independent set of these six 
operators characterize full invariants in the ternary theory, in the same sense 
that Q, O characterize binary invariants. For such we may choose the cyclic set 

^^a;ia;27 ^^a:2a^37 ^^3:3X1. 

Now let the ternary m-ic form 

/ = flmOOX™ + mOm_iioX™^ X2 H h OOmOX™ 

+ ?«(am-ioix™" + (m- l)a™_2iix™" X2 H h oom-nx™" )x3 



be transformed by the following substitutions of determinant unity: 

_ / flm-llO / flm-lOl / 

X'^ X -\ Xr) Xo . 

flmOO flmOO 

X2 =X2, 

X3 =x'ri. (188) 
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Then the transformed form /' lacks the terms x'-[^^ X2,x'-["^ X3. The coeffi- 
cients of the remaining terms are seminvariants. We shall illustrate this merely. 
Let TO = 2, 

/ = 0-200x1 + 20110X1X2 + 0020^2 + 2aioiXiX3 + 20011X2X3 + ooo2x|. 

Then 

0200/ =^200^1 + (00200200 — ^110)^2 + 2(00110200 — aioiaiio)x2X3 

+ (00020200 — Oioi)x3 . 

It is easy to show that all coefficients of /' are annihilated by rij;^^;!. 
Likewise if the ternary cubic be transformed by 

_ / 0210 / 0201 / 
O300 O300 

X2 = X2, X3 = X3, 

and the result indicated by o|oo/' = ^300X1^ + 3^210X1^X2 + . . ., we have 

^300 = oioo, (184) 

^210 = 0, 

^120 = 0300 (03000120 — O210) , 

Ao3o = 2O210 — 3021001200300 + O030O300, 

^201 = 0, 

^111 = 0300 (0300O111 — 02100201) , 

^021 = 03000021 — O300O201O120 — 2021001110300 + 20210O201, 

^102 = O300 (03000102 — O201) , 

^012 = 03000012 — O300O102O210 — 2o300O20iaill + 202010210, 

^003 = 20201 ~ 3O300O201O102 + 00030300- 

These are all seminvariants of the cubic. It will be noted that the vanishing of 
a complete set of seminvariants of this type gives a (redundant) set of sufficient 
conditions that the form be a perfect mth power. All seminvariants of / are 
expressible rationally in terms of the yi's, since /' is the transformed of / by a 
transformation of determinant unity. 

8.2.2 Symmetric functions of groups of letters. 

If we multiply together the three linear factors of 

f Ml) , (1) , (1) \ f (2) , (2) , (2) \ f (3) , (3) , (3) 

J = I «! xi + a2 x2 + ctg X3 I I a\ xi + q;2 ^2 + 0:3 X3 I I a\ xi -\- ctj X2 + a^^ X3 
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the result is a ternary cubic form (a 3-line), / = 03003:^1 + . . . . The coefficients 
of this quantic are 

E(l) (2) (3) (1) (2) (3) 

E(l) (2) (3) (1) (2) (3) , (1) (2) (3) , (1) (2) (3) 

n - \" n-(l)n-(2)n-(3) _ J^) J^) J^) -U J'^^ J^'' J^'> -^ J^'> J^') J^'' 

*^120 — / ^1 '-^2 2 — 1 2 2 "I" 2 1 2 ~^ 2 2 1 ' 



E(l) (2) (3) (1) (2) (3) 



^^030 = / Q;2 ' 0^2 ' Q^2 ' = ^^2 ' '^2 ' '-'^2 ' 1 

*^201 — / ^1 '-^1 ^3 — *-^l ^1 ^3 ~r C^i Clq uj -|- uq CY^ ci-f , 

E(l) (2) (3) (1) (2) (3) , (1) (2) (3) , (1) (2) (3) 

+ 4^a^i^af^ + a«ap)af + 4^ af^ af\ 

^ 91 - n-^(l)^(2) (3) _ ^(1)^(2)^(3) ^(1)^(2) J3) ^(1)^(2)^(3) 
Ci{)ZL — (JCI2 *^2 3 — 1 3 3 "I" 2 3 2 "I" 3 2 2 ' 

no (1) (2) (3) (1) (2) (3) , (1) (2) (3) , (1) (2) (3) 

^ 19 - ^^(1)^(2) (3) _ ^(1)^(2)^(3) ^(1)^(2) J3) ^(1)^(2)^(3) 
ClQiZ — (JCI2 '^3 ^s — *^2 3 3 "I" 3 2 3 "I" 3 3 2 ' 

n m- ^^(1)^(2) (3) _ ^(1)^(2)^(3) 

These functions a are all unaltered by those interchanges of letters which have 
the effect of permuting the linear factors of / among themselves. Any function 
of the 4' having this property is called a symmetric function of the three 
groups of three homogeneous letters, 

(1) (1) (1) 

(2) (2) (2) 

(3) (3) (3) 

In general, a symmetric function of m groups of three homogeneous letters, 
ai,a2,CK3, i-e- of the groups 

( (1) (1) (1) 

71 (^"i ,"2 ^"3 

/ (2) (2) (2) 
72 I «! , "2 1 ^^3 



(m) (m) (m) 

is such a function as is left unaltered by all of the permutations of the letters a 
which have the effect of permuting the groups 7172, ••• , 7m among themselves: 
at least by such permutations. This is evidently such a function as is left un- 
changed by all permutations of the superscripts of the a's. A symmetric function 
of m groups of the three letters ai^a2,a3^ every term of which involves as a 
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factor one each of the symbols a^^', a^'^', . . . , a'™' is called an elementary sym- 
metric function. Thus the set of functions aslO, a2l0, . . . above is the complete 
set of elementary symmetric functions of three groups of three homogeneous 
variables. The non-homogeneous elementary symmetric functions are obtained 
from these by replacing the symbols a^ 'a^ 'a^ ' each by unity. 

The number A'^ of elementary symmetric functions of m groups of two non- 
homogeneous variables 0^^0,0 , o-'mi — 1, 1, • • • is, by the analogy with the coef- 
ficients of a linearly factorable ternary form of order ni^ 

N = ■m + m+ {m- l) + (171-2) -\ 1-2 + ^= -771(771 + 3). 

The N equations aijk = S, regarded as equations in the 277i unknowns a^ , a2 (r, s = 
1, • • • , m), can, theoretically, be combined so as to eliminate these 2TOunknowns. 
The result of this elimination will be a set of 

-m(m + 3) — 2m = -m(m — 1) 

equations of condition connecting the quantities flmoo, am-iio, • • • only. If these 
a's are considered to be coefficients of the general ternary form / of order m, 
whose leading coefficient agoa is unity, the im(TO — 1) equations of condition 
constitute a set of necessary and sufficient conditions in order that / may be 
linearly factorable. 

Analogously to the circumstances in the binary case, it is true as a theorem 
that any symmetric function of m groups of two non-homogeneous variables 
is rationally and integrally expressible in terms of the elementary symmetric 
functions. Tables giving these expressions for all functions of weights 1 to 6 
inclusive were published by Junker^ in 1897. 

8.2.3 Semi-discriminants 

We shall now derive a class of seminvariants whose vanishing gives a set of 
conditions in order that the ternary form / of order m may be the product of 
771 linear forms. 

The present method leads to a set of conditional relations containing the ex- 
act minimum number ^m(m— 1); that is, it leads to a set of ]^m(m— 1) indepen- 
dent seminvariants of the form, whose simultaneous vanishing gives necessary 
and sufficient conditions for the factorability. We shall call these seminvariants 
semi-discriminaTits of the form. They are all of the same degree 2m — 1; and 
are readily formed for any order m as simultaneous invariants of a certain set 
of binary quantics related to the original ternary form. 

If a polynomial, /sm, of order m, and homogeneous in three variables (xi, X2, X3) 
is factorable into linear factors, its terms in (xi,X2) must furnish the (xi,X2) 
terms of those factors. Call these terms collectively Og^, and the terms linear in 



Wiener Denkschriften for 1897. 
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X3 collectively xsa^^ . Then if the factors of the former were known, and were 
distinct, say 

aZ = aoon™ i(4^)xi - r«X2) - n™i(r«), 

the second would give by rational means the terms in X3 required to complete 
the several factors. For we could find rationally the numerators of the partial 
fractions in the decomposition of a^^ /C'O^x' ^i^- 

m-l TTm Ji) ™ 



and the factors of the complete form will be, of course, 

r^^'xi - rY'x2 + aiX'i{i = 1, 2, • • • , m). 

Further, the coefficients of all other terms in /s^ are rational integral functions 
of the r'*^ on the. one hand, and of the a^ on the other, symmetrical in the 
sets (r2 i—r^ ,ai). We shall show in general that all these coefficients in the 
case of any linearly factorable form are rationally expressible in terms of those 
occurring in o^xt'^Tx^ ■ Hence will follow the important theorem. 

Theorem. // a ternary form fs^n is decomposable into linear factors, all its 
coefficients, after certain 2m, are expressible rationally in terms of those 2m 
coefficients. That is, in the space whose coordinates are all the coefficients of 
ternary forms of order m, the forms composed of linear factors fill a rational 
.spread of 2m dimensions. 

We shall thus obtain the explicit form of the general ternary quantic which 
is factorable into linear factors. Moreover, in case /s™ is not factorable a similar 
development will give the theorem. 

Theorem. Every ternary form fsm, for which the discriminant D of a™^ does 
not vanish, can be expressed as the sum, of the product of m distinct linear forms, 
plus the square of an arbitrarily chosen linear form, multiplied by a "satellite" 
form of order m — 2 whose coefficients are, except for the factor D^^ , integral 
rational seminvariants of the original form /s™ . 

A class of ternary seminvariants 

Let us write the general ternary quantic in homogeneous variables as follows: 

/sm = aZ + a!^x^x^ + a'^-'^xl + • • • + a„o<, 
where 

a^^ = aiQX^ -\aixx^ X2+ai2X^ X2-\ hflim-iX^ [i = 0,1, 2, ■ ■ ■ ,m). 

Then write 

„m - m - 2^ (fc) (fc) (.000 - ^2 T^ T^ ), 

°o^ n (4 a;i - r[''>X2) k=i ^ 'xi - n ^2 

fc=l 
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and we have in consequence, assuming that D =/= 0, and writing 



Im 



dc 



•Ox 



dxi 



llm 



1 ^QrW 



dc 



'Ox 



dxo 



the results 
Hence also 



Ofc — r2 "i^(fc)/"Or('=) ^ '1 "lr('')/'^Or('«)- 



(k) 

llm _ ^1 Im 
"■OrW — (k)"'Ori'')- 

The discriminant of aj^ can be expressed in the following form: 

m 

^=nco)/«oo(-i)^™(™-^\ 



and therefore 



a-k 



».('=)„ni— 1 /m Im 

'2 "irCfcJ^OrCi) Or(2) ' ' ' "orC"-!) "Or('= + i) ' ' ' "Or(™) 



and in like manner we get 

m 

Ofc = aiHi)air(2) •••«ir(™)/(-l) ^• 



(185) 
(186) 

(187) 

(188) 
(189) 



fc=i 



The numerator of the right-hand member of this last equality is evidently the 
resultant (say Rm) of flg^ and a^^ . 

Consider next the two differential operators 



Ai = maoQ- h (m- l)aoi^ 1 haom-iT; ■ 

daio dan Caim-i 



A2 = TOOo™ h (to - l)ao™_i - 



d 



floi- 



and particularly their effect when applied to a^^ . We get (cf. (186)) 



Ak) 



A ^"i^J- — ^'™ A ^"i^J- — ^"™ — 1 „im 

''2 

and from these relations we deduce the following: 

^iRm 

or, from (185) 



?n— 1 m— 1 y^^^^l 






Aii?„ 



(_1)5™('^ 



: = V 



(m) 

aia2 • • •am-if2 • 



(190) 



(191) 



(192) 
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In (191) the symmetric function ^ is to be read with reference to the r's, the 
superscripts of the r's replacing the subscripts usual in a symmetric function. 
Let us now operate with A2 on both members of (191). This gives 

(_l)M™-i)l!i? "°°^a'™,,a'„7,„...a'™_„ 1^ 4™-i) 

Let E/j represent an elementary symmetric function of the two groups of ho- 
mogeneous variables ri, r2 which involves h distinct letters of each group, viz. 
^i (j = Ij 2, • • • , /i). Then we have 

AiA2-Rm. V r^ i\ V (™-i) (™)1 nnQ^ 

(_l)i™(™-i)l!l!i:) [V ; i ^ m z z I 2 J \ J 

We are now in position to prove by induction the following fundamental formula: 




^™-s-t^t^ 



2-"-m 



(194) 



(_l)i™(™-i)(TO-s-t)!t!Z? 
= E [(-l)*aia2 • • • a.E„_,r(^+iV(^+^) • • • r^{+'\i^+^) • • • ^(^+*)4^+*+i) . . . 4™)] 

(s = 0,l,--- ,to; f=0,l,--- ,TO— s), 

where the outer summation covers all subscripts from 1 to to, superscripts of the 
r's counting as subscripts in the symmetric function. Representing by Jm-s-t,t 
the left-hand member of this equality we have from (190) 

m-l m-l , , . „™-l 
A2Jm-s-t,t = S((-l)*+l "l-'-'"l-'-' "1-'--' 



"0r(i)"0r(2) ' ' '"0r( = -i) 



^^(1)„(2) „(^)''l y Js + 1) Js+t) Js+t+l) (m)^ 

X ^2 '2 '2 Co-)^™-s'l '1 '2 '2 /• 



r. 



(")• 



'2 

This equals 

T,{—iy^^aia2 ■ ■ ■ ag^iS, 

where S is a symmetric function each term of which involves t + 1 letters ri 
and m — s — t letters r2. The number of terms in an elementary symmetric 
function of any number of groups of homogeneous variables equals the number 
of permutations of the letters occurring in any one term when the subscripts 
(here superscripts) are removed. Hence the number of terms in Sm_s is 

(to — s)! 
(to-s- t)!i!' 

and the number of terms in S is 

(to — s + 1)(to — s)!/t!(TO — s — t)!. 
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But the number of terms in 



^777,— 



m— s + 1 I ' 1 ' 1 



,(s)^(«+l) ^(s+*)^(s+*+l) ^(™) 



Hence 



and so 



{m- s + l)!/(m - s - t)!(t + 1)!. 



-j = 2^ [(-I) a2a2 • • • fts-li-m-s + lj • 



t + 

This result, with (193), completes the inductive proof of formula (194). 

Now the functions Jm-s-t,t are evidently simultaneous invariants of the 
binary forms ag^, Aq™, ag™,a^^ . We shall show in the next paragraph that 
the expressions 

Im-s-t,t = Dast - DJm-s-t,t{s = 2, 3, • • • , m; t = 0, 1, • • • ,m- s) 

are, in reality, seminvariants of the form /a™ as a whole. 

STRUCTURE OF A TERNARY FORM 

The structure of the right-hand member of the equality (194) shows at once that 
the general (factorable or non- factorable) quantic f3m{D =/= 0) can be reduced 
to the following form: 



m m — s 



(k) (fc) 

f^ xi — r\ 'i 
fc = l s=2 t=o 



fam = n r2 ^1 - ^1 ^2 + «fc + E E (««* - Jm-s-t,t)xT-'-'4- (195) 



This gives explicitly the "satellite" form of fsm, with coefficients expressed ra- 
tionally in terms of the coefficients of /s^ . It may be written 



(_l)^™(™-i)(TO_s-i)!t!y''^^ 



n 'V^ Y^ / n ^1 ^2-f^m \ m-s-t t 



s=2 t=0 



(196) 



— / ^ / ^ -'m— s — t,t2^1 2:2. 



=2 t=0 



Now the coefficients Im-s-t,t are seminvariants of /s™. To fix ideas let ?7i = 3 
and write the usual set of ternary operators, 

d d d d d d 

i'2:ia;2 = "01^ h 2ao2 ^ h Sags- h an- \-2ai2- h 3ai3- , 

oaoo oaoi oao2 daw Can 0020 

^'x2a:i = 3aoo T, h 2q;oi ;^ h ao2 ;^ h 2q;io ^ h an t. h a20 - 



daoi dao2 Caos San dai2 da2\ 
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d 



d 



f^ajgaji = "20^ h 2aio^ h 3aoo 



9o30 



9a2o 



(9aio 



+ "11 



i9a2i 



2ao 



Sail 



ao2 



5ai2' 



etc. 



Then Jio is annihilated by r^aj^aji, but not by r^ajja^^? ^oi is annihilated by 
f^a;ia;2 ^ut not by r^ap^apj, and /oo, is annihilated by rijjjj;^, but not by rijjgj;^. In 
general Im-s-t,t fails of annihilation when operated upon by a general operator 
^xix- which contains a partial derivative with respect to a^t. We have now 
proved the second theorem. 



8.2.4 The semi-discriminants 

A necessary and sufficient condition that /s™ should degenerate into the product 
of m distinct linear factors is that iirn-2 should vanish identically. Hence, since 
the number of coefficients in yUm-2 is 2"^ ('^ "1)? these equated to zero give a 
minimum set of conditions in order that f^^ should be factorable in the manner 
stated. As previously indicated we refer to these seminvariants as a set of semi- 
discriminants of the form fsm- They are 



/. 



-t,t 



Da 



st 



A™-'-*A*i?„ 



(_l)i™(™-i)t!(m-s-t)! 



s= 2,3,. 
t=0,l,. 



, m; 
, m - 



(197) 



They are obviously independent since each one contains a coefficient {agt) not 
contained in any other. They are free from adventitious factors, and each one 
is of degree 2m — 1 . 

In the case where m = 2 we have 



^00 — 



-020 



2aoo aoi 
aoi 2ao2 



aoo 


aoi 


ao2 


aw 


an 








aw 


an 



This is also the ordinary discriminant of the ternary quadratic. 

The three semi-discriminants of the ternary cubic are given in Table V. In 
this table we have adopted the following simpler notation for the coefficients of 
/: 



/ 



aoXi 



aiXiX2 + a2XiX2 
+ bQx\x-i + 61X1X2X3 + b2x\x-i 



a3X2 



+ C0X1X3 - 
+ dQx\. 



C1X2X3 



In the notation of (197) the seminvariants in this table are 



00 = 


= £'a3o + -R3, 


'10 = 


= £'a2o + Aii?3 


01 = 


= Da2i + A2i?3 
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TABLE V 



ho 


-/oi 


--^00 


401020369 


020369 


aWo 


-a^bl 


—8010369 


+01036961 


-94bl 


+0^036? 


+o?6o6^ 


+8010361 


-8020361 


— 2026062 


-albl 


+4bi 


-02a3n§6i 


+80262 


-4010263 


+036962 


+601036062 


+9036^ 


-201036^62 


— 2036062 


— 0102036061 


-0102606162 


+01026061 


+20^036962 


-026f 


+802036061 


-602036962 


— 016162 


-40^036061 


+4036162 


+026^62 


+01026162 


-801036162 


+6i 


— 9036162 


— Oi 02 61 62 


9 9 7 
+ 01020(0 


2 2 
-OiOgCo 


9 9 
+ O1O2C1 


+ 18010203 do 


-I8010203C0 


+18ai0203Ci 


-4o2(io 


+4o|co 


-402C1 


-40^03^0 


+4ofa3Co 


-4ofa3Ci 


-2703 do 


+27oico 


— 27a3Ci 





where D is the discriminant of 



a = aoox-^ + 001X1X2 + • • • + 0032:2, 



and i?3 the resultant of a and 



(3 = oio^i + 011x1x2 + 012X2. 
Corresponding results for the case m = A are the following: 



loo = ;5^a4o(4ii - Ji) - R4, 



where 



*i — '^02 ~ 3ooiOo3 + 12oooOo4, 



Ji 



Ra 



27aoiOo4 + 27oooOo3 + 2oo2 — 72oooao2ao4 — 9ooioo2ao3, 



Oi3 

ai2 ai3 

aoiaio — flooaii ao2aio — aooai2 aosaio — aooai3 004010 

ooo oqi 002 003 ao4 

Ooo ooi 002 ao3 ao4 



oio 


On 


ai2 


ai3 





aio 


On 


ai2 








Oi9 


On 
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the other members of the set being obtained by operating upon R^ with powers 
of Ai, A2: 

d d d d 

Ai = 4aooT; hSaoiT; l-2ao2T; \- 0,03- 



daio dan dau ' dai^ 

d d d d 

A2 = 4ao4 t; h 3ao3 t; h 2ao2 t; h aoi - 



dai3 ' dai2 dan daw ' 

according to the formula 

h-s-t,t = a^tD - ^3^^|j|(s = 2, 3, 4; t = 0, 1, ..., 4 - s). 

8.2.5 Invariants of m-lines. 

The factors of a^ being assumed distinct we can always solve Im-s-t,t = 
for Ogt, the result being obviously rational in the coefficients occurring in aj^, 
a^^ . This proves the first theorem of III as far as the case D y^ is concerned. 
Moreover by carrying the resulting values of ast{s = 2, 3, . . . , m; t = 0, 1, . . . , to— 
s) back into /s™ we get the general form of a ternary quantic which is factorable 
into linear forms. In the result a[J^, a^^ are perfectly general (the former, 
however, subject to the negative condition D =/= 0), whereas 

•^ {m-jy. (to-j-1)!1! 

+ ^^^xr^ (j = 2,3,...,m). 
(to- j)! 

Thus the ternary form representing a group of to straight lines in the plane, or 
in other words the form representing an m-line is, explicitly, 

r Tn , ^ m— 1 

/ = Oq^ + xsa^^ 

■m m-j .m-i-j^i p 

+ i5-i(_l)j™(™-i)^4 ^ A, _ A J^ ._,^, 

^^^ ^^^ (to— «- 7)« 

This form, regarded as a linearly factorable form, possesses an invariant theory, 
closely analogous to the theory of binary invariants in terms of the roots. 

If we write Og^ = x^Iq^^i^^^oI^ = x'lln^ir^^ (ago = 1), and assume that the 
roots of /o§ = are — ri, — r2, — ra, then the factored form of the three-line will 
be, by the partial fraction method of III (185), 

.3 
/ = n(a;i + riX2 - h-ri/l'o-n)- 

Hence the invariant representing the condition that the 3-line / should be a 
pencil of lines is 

1 n h-rjlo-n 

•5=1 r2 h-r2/lo-T2 
1 rs h-rs/lo-rs 
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This will be symmetric in the quantities ri,r2,r3 after it is divided by vR, 
where R= (ri — r2)^(r2 — r^^j^ir^ — ri)'^ is the discriminant of the binary cubic 
Og^. Expressing the symmetric function Qi = Q/\'R, in terms of the coefficients 



of Oq^ , we have 



Qi — 2ag]^ai2 — aoiao2aii + Ooooaosaii — Saoifloaaio + 2ao2aio — 6aooao2ai2- 
This is the simplest full invariant of an m-line /. 

8.3 Modular Invariants and Covariants 

Heretofore, in connection with illustrations of invariants and covariants under 
the finite modular linear group represented by Tp, we have assumed that the 
coefficients of the forms were arbitrary variables. We may, however, in connec- 
tion with the formal modular concomitants of the linear form given in Chapter 
VI, or of any form / taken simultaneously with L and Q, regard the coefficients 
of / to be themselves parameters which represent positive residues of the prime 
number p. Let / be such a modular form, and quadratic, 

/ = aoXi + 2aiXiX2 + 02X2- 

Let p = S. In a fundamental system of formal invariants and covariants modulo 
3 of / we may now reduce all exponents of the coefficients below 3 by Fermat's 
theorem, 

of = ai(mod3)(i = 0,1,2). 

The number of individuals in a fundamental system of / is, on account of these 
reductions, less than the number in the case where the a's are arbitrary vari- 
ables. We call the invariants and covariants of /, where the a's are integral, 
modular concomitants (Dickson) . The theory of modular invariants and covari- 
ants has been extensively developed. In particular the finiteness of the totality 
of this type of concomitants for any form or system of forms has been proved. 
The proof that the concomitants of a quantic, of the formal modular type, con- 
stitute a finite, complete system has, on the contrary, not been accomplished up 
to the present (December, 1914). The most advantageous method for evolv- 
ing fundamental systems of modular invariants is one discovered by Dickson 
depending essentially upon the separation of the totality of forms / with partic- 
ular integral coefficients modulo p into classes such that all forms in a class are 
permuted among themselves by the transformations of the modular group given 
by Tp^. The presentation of the elements of this modern theory is beyond the 
scope of this book. We shall, however, derive by the transvection process the 
fundamental system of modular concomitants of the quadratic form /, modulo 
3. We have by transvection the following results (cf. Appendix, 48, p. 241): 
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TABLE VI 




Notation 


Transvectant 


Concomitant (Mod 3) 


A 


ifjr 


a{ - 00 02 




q 


U\Qf 


O0O2 + O0O2 + Ooof + 0^02 — Og — O2 




L 




x\x2 — X1X2 




Q 


({L,LfL) 


X^ '\' X-\ Xn \ X-\ Xn \ Xn 




f 




a^xf + 2oiXiXi + 02X2 




U 


{f.Q? 


ooxf + aixfx2 + aixix\ + 02x| 




Ci 


{f,Qf 


(o^oi - a\)x\ + (00 - 02)(af + oo02)xiX2 + (of - 


- oiaj)^! 


C2 


{f\QY 


(og + of - ooa2)a;f + ai(oo + a2)xiX2 + (of + Oj - 


- 0002)2;^ 



8.3.1 Fundamental system of modular quadratic form, mod- 
ulo 3. 

Also in q and Ci we may make the reductions o = Oi(mod3)(i = 0, 1,2). We 
now give a proof due to Dickson, that these eight forms constitute a fundamental 
system of modular invariants and covariants of /. 

Much use will be made, in this proof, of the reducible invariant 

/ = (og - l)(af - l)(a^ - 1) = g^ + A^ - 1 (mod 3). 

In fact the linearly independent invariants of / are 

l,A,/,g,A2. (i) 

Proceeding to the proposed proof, we require the seminvariants of /. These are 
the invariants under 

xi = x'l + X2 , X2 = x'2 (mod 3) . 

These transformations replace / by /', where 

Og = oq, O]^ = oq + oi, 02 = oq — oi + 02 (mod 3). (t) 

Hence, as may be verified easily, the following functions are all seminvariants: 

00, Oq, oqA, oqA^, OqA, B = {al - l)ai. (s) 



Theorem. Any modular seminvariant is a linear homogeneous function of the 
eleven linearly independent seminvariants (i), (s). 

For, after subtracting constant multiples of these eleven, it remains only to 
consider a seminvariant 

o 00000 

S = aiOia2 + a20ia2 + a^ai -\- 0140]^ 02 + Q;5a]^a2 + aea-^ -\- j3a2 + 702, 



^Transactions American Math. Society, Vol. 10 (1909), p. 123. 
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in which ai, a2 are hnear expressions in Og, ao, 1; and as, . . . , ag are hnear ex- 
pressions in ao,l; while the coefficients of these linear functions and /?, 7 are 
constants independent of ao,cei,ct2- In the increment to S under the above 
induced transformations (t) on the a's the coefficient of aia2 is — aoa4, whence 
0:4 = 0. Then that of 0^02 is ai = 0; then that of 0102 is /3 — agas, whence 
j3 = az = 0; then that of a^ is — a2 = 0; then that of ai is —7 — aoote, whence 
7 = ag = 0. Now S = asfli, whose increment is a^ao, whence as = Hence 
the theorem is proved. 

Any polynomial in A, /, q,ao, B is congruent to a linear function of the eleven 
seminvariants (i) , (s) by means of the relations 



(mod 3), 



together with Uq = oq, A^ = A (mod 3). 

Now we may readily show that any co variant, K, of order 6t is of the form 
P + LC\ where C is a covariant of order 6f — 4 and P is a polynomial in the 
eight concomitants in the above table omitting f^. For the leading coefficient of 
a modular covariant is a modular seminvariant. And if t is odd the co variants 

i/^*, iQ*, Cf*, Cf*, {i an invariant) 

have as coefficients of x^j"* 

aoi,i,B,A + Og, 

respectively. The linear combinations of the latter give all of the seminvariants 
(i) , (s) . Hence if we subtract from K the properly chosen linear combination 
the term in xf* cancels and the result has the factor X2 ■ But the only covariants 
having X2 as a factor are multiples of L. Next let t be even. Then 







/2 


^-I,q'^ 


I- 


-A2 + 1, 






(A) 


/A 


^Iq, 


E lao = IB 


= 


qA = qB 


= ao 


B 






AB = 


B,alA^ = 


A' 


' + alA- 


A, 








aoq = 


alA^ - al, 


B^ 


^A(l- 


«§) 





(•3t A fSt -n, f3t-3 ^/^3t-3 • ^t 



r\Ar\iQr'-',Qcf-\H( 

have as coefficients of xf* 



i= 1,A,A2. 
ii = I,A,A\q. 



ao,aoA,aoi,B,ii. 

Lemma 6. // the order to of a covariant C of a binary quadratic form modulo 
3 is not divisible by 3, its leading coefficient S is a linear homogeneous function 
of the seminvariants (i), (s), other than I, I,q. 

In proof of this lemma we have under the transformation xi = X1/+X2/, X2 = 
X2', 

C = Sx'^ + Six'^-^X2 + ... = Sx/^ + {Si + ujS)x/'^-'^x/2 + .... 

For a covariant C the final sum equals 

5x/^ + S[xf'^-^x'2 + ...,S[ = S'i(a'o, a'l, 4), 
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where a'g, . . . are given by the above induced transformation on the a's. Hence 



S[ — Si = iuS(mod 3). 



Now write 



^i = kaQa^a2 + t (i of degree < 6), 
and apply the induced transformations. We have 

S[ = fcao(ao + ai) (ao — ai + 02) + if = ka^^aQr -\- a-^ -\- 0102 + a\a2) + t' , 

where r is of degree 3 and f' of degree < 6. Hence 

LoS = k{aor + a^ai + agaia2) + t' — t (mod 3). 

Since uj is prime to 3, S is of degree < 6. Hence S does not contain the term 
flgafal, which occurs in / but not in any other seminvariant (i), (s). Next if 
5* = 1 + (T, where c is a function of ao, ai, 02, without a constant term, IC is a 
covariant C with S" = /. Finally let S = q + ai + q;2 A + asA^ + tB where t is 
a constant and the a^ are functions of ag . Then by (A) 

qS = I - A^ + 1 + aiq, 

which has the term a^ala^ (from /). The lemma is now completely proved. 
Now consider covariants C of order to = 6t -\-2. For t odd, the covariants 

f'^\Q'f,Cf+\f'C2,CfC2, 

have as coefficients of xf 

ao,ao,A — OgA + Og, oqA + ao, -B, 

respectively. Linear combinations of products of these by invariants give the 
seminvariants (s) and A, A^. Hence, by the lemma, c^ P -\- LC , where _P is a 
polynomial in the covariants of the table omitting f^. For t even the covariants 

fQ\fQ'-\C2Q\CiQ' 

have ag, Og, Delta + Oq, B as coefficients of x^ . 

Taking up next covariants C of order u; = 6t + 4 coefficients of x^ in 

f4Q\fQ\CiC2Q\CfQ' 

are, respectively, ag, ag, _B, A — agA. Linear combinations of their products by 
invariants give all seminvariants not containing l,I,q. Hence the eight con- 
comitants of the table form a fundamental system of modular concomitants of 
/ (modulo 3). They are connected by the following syzygies: 

/Ci^2(A2 + A)i,/C2^(l + A)/4 1 , 
Cl - Cl = (A + iff.Cl - //4 = AQ / ^™°'^ '^'- 

No one of these eight concomitants is a rational integral function of the re- 
maining seven. To prove this we find their expressions for five special sets of 
values of ag, ai, a^ (in fact, those giving the non-equivalent /s under the group 
of transformations of determinant unity modulo 3) : 
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/ 


A 


q 


Ci 


C2 


h 


(1) 




















(2) 


xi 





-1 





'2 

X-y 


Xy 


(3) 


-xi 





1 





X-y 


Xy 


(4) 


x{ + xi 


-1 











x\^x\ 


(5) 


2xiX2 


1 





x^ -\- X2 


X^ ~r X2 


x\x2 + Xyx\ 



To show that L and Q are not functions of the remaining concomitants we 
use case (1). For /4, use case (4). No Hnear relation holds between /, Ci, C2 in 
which Cy is present, since Cy is of index 1, while /, C2 are absolute covariants. 
Now / i- kC2 by case (4); C2 ^ kf by case (5). Next q ^ F(A) by (2) and (3); 
A ^ F{q) by (4) and (5). 



Chapter 9 

INVARIANTS OF 
TERNARY FORMS 

In this chapter we shall discuss the invariant theory of the general ternary form 

/ = a™ = 6™ = • • • . 

Contrary to what is a leading characteristic of binary forms, the ternary / 
is not linearly factorable, unless indeed it is the quantic (198) of the preceding 
chapter. Thus / represents a plane curve and not a collection of linear forms. 
This fact adds both richness and complexity to the invariant theory of /. The 
symbolical theory is in some ways less adequate for the ternary case. Never- 
theless this method has enabled investigators to develop an extensive theory of 
plane curves with remarkable freedom from formal difficulties.^ 

9.1 Symbolical Theory 

As in Section 2 of Chapter VIII, let 

f{x) = a™ = {aixi + 02X2 + 03X3)™ = 6™ = • • • . 
Then the transformed of / under the collineations V (Chap. VIII) is 

/' = iaxx[ + a^x'2 + a^x'^r. (199) 

9.1.1 Polars and transvectants. 

If (j/i, j/2, J/3) is a set cogredient to the set {xi,X2,X3), then the (y) polars of / 
are (cf. (61)) 

/y. =a™-'=4(fc = 0,0,--- ,m). (200) 



Clebsch, Linclemann, Vorlesungen liber Geoinetrie. 
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If the point (y) is on the curve / = 0, the equation of the tangent at {y) is 



a.a™-i = 0. 



(201) 



The expression 



(m- l)!(n- l)l(p- 1)! 



m\n\p\ 



d d d 

dx-\ dx^ dx^ 

d d- d 

aj^ a^ a^ 

dzi dz2 dzs 



/(O)0(y)ii(z) 



(202) 



y=z=x 



is sometimes called the first transvectant of /(x), <?^(x), i/'(x), and is abbreviated 

(/,<?i,^). If 

fix) = a^ = a'J"^ = --- ,</>(x) = b: = 6'/" = • • • ,tA(x) = c^ = c? = • • • 
then, as is easily verified, 

This is the Jacobian of the three forms. The rth transvectant is 

(/, 0, i>y = (abcYa^-^b^-^cP-^r = 0, 1, • • • )• (203) 

For r = 2 and f = <f> = ip this is called the Hessian curve. Thus 

{fJjf = {abc)\^-%:-'cP-' = 

is the equation of the Hessian. It was proved in Chapter I that Jacobians are 
concomitants. A repetition of that proof under the present notation shows that 
transvectants are likewise concomitants. In fact the determinant A in (202) is 
itself an invariant operator, and 

A' = (A;uz/)A. 

Illustration. 

As an example of the brevity of proof which the symbolical notation affords for 
some theorems we may prove that the Hessian curve of / = is the locus of all 
points whose polar conies are degenerate into two straight lines. 

If 5 = a^ = /3^ = • • • = a2oox1 + • • • is a conic, its second transvectant is its 
discriminant, and equals 



(a/?7)2 = (^±ai/?27.3)' = 
since af = /Sl = ■ ■ ■ = 0200 etc. If (a/Jj)'^ = the conic is a 2-line. 



0200 aiio aioi 
aiio ao20 aoii 
flioi floii aoo2 
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Now the polar conic of / is 

r> 2 m-2 



"x^y 



_ 12 lm-2 



and the second transvectant of this is 



iP,P,Py = {aa'a'Ya 



I „ll\2 „m-2 Jm-2 „!!m-2 



(204) 



But this is the Hessian of / in (y) variables. Hence if (y) is on the Hessian the 
polar conic degenerates, and conversely. 

Every symbolical monomial expression consisting of factors of the two 
types (abc), a^ is a concomitant. In fact if 



<j} = {abc)P{abdy • • • < 



then 



ax 


bx 


ex 
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af. 
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Cj, 




dv 


K 


Cu 





ax 


bx 


dx 


0.fi 
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d. 


av 


bu 


rf. 



•<^^ 



since, by virtue of the equations of transformation a'^ = a^, • • • . Hence by the 
formula for the product of two determinants, or by (14), we have at once 

0' = {Xfii^)P+'i+-{abc)P{abdy ■ --albl ■■■ = {\iiv)P^'i+- (f). 

The ternary polar of the product of two ternary forms is given by the same 
formula as that for the polar of a product in the binary case. That is, formula 
(77) holds when the forms and operators are ternary. 

Thus, the formula for the rth transvectant of three quantics, e.g. 



T={f,^,^y = (ahcYa^ 



m—rhn—rp—r 



^b 



may be obtained by polarization: That is, by a process analogous to that em- 
ployed in the standard method of transvection in the binary case. Let 



(6c)i = 62C3 - 63C2, (6c)2 = 63C1 - biC3, {bcjs = 61C2 - 62C1. 



(205) 



Then 



a{bc) = (abc). (206) 

Hence T may be obtained by polarizing a™ r times, changing yi into {bcji and 
multiplying the result by b'^^^cP^^ . Thus 



{0-j.bx, c^, x^) 



Oyj^ilyOy "T 



;>;'. 



V=(cd) 



{acd){bcd)axCx H — {acd) b^c^ 



Before proceeding to further illustrations we need to show that there exists for 
all ternary collineations a universal covariant. It will follow from this that a 
complete fundamental system for a single ternary form is in reality a simulta- 
neous system of the form itself and a definite universal covariant. We introduce 
these facts in the next paragraph. 



186 CHAPTER 9. INVARIANTS OF TERNARY FORMS 

9.1.2 Contragrediency. 

Two sets of variables (xi,X2,X3), (mi,U2,W3) are said to be contragredient when 
they are subject to the following schemes of transformation respectively: 



V 



Xl 


= Aix'i + iiix'2 + vix'^ 


X2 


= Ax'i + ^12X2 + ^^22:3 


X3 


= A3xi + ;U3X'2 + v^x'^ 


< 


= Aiui + A2M2 + A3M3 


1 

"2 


= ^lUi + ^2^2 + M3M3 


A 


= VlUl + V2U2 + ViU^. 



A 



Theorem. A necessary and sufficient condition in order that (x) may be con- 
tragredient to (u) is that 

Ux = uixi + U2X2 + W3a;3 
should he a universal covariant. 

If we transform u^ by V and use A this theorem is at once evident. 

It follows, as stated above, that the fundamental system of a form / under 
y, A is a simultaneous system of / and u^ (cf. Chap. VI, §4). 

The reason that u^ = uixi -\-u2X2 does not figure in the corresponding way 
in the binary theory is that cogrediency is equivalent to contragrediency in the 
binary case and u^ is equivalent to (xy) = xiy2 — X2J/1 which does figure very 
prominently in the binary theory. To show that cogrediency and contragrediency 
are here equivalent we may solve 

u'-y = XlUl + A2U2 

U2 = fJ-lUl +/X2U2, 

we find 

-(A;u)ui = A2U2 + fi2{-u[), 
(A/i)u2 = A1U2 + iii{-u[), 

which proves that yi = +U2, 2/2 = —ui are cogredient to xi, X2. Then u^ 
becomes (yx) (cf. Chap. 1, §3, V). 

We now prove the principal theorem of the symbolic theory which shows 
that the present symbolical notation is sufficient to represent completely the 
totality of ternary concomitants. 

9.1.3 Fundamental theorem of symbolical theory. 

Theorem. Every invariant formation of the ordinary rational integral type, of 
a ternary quantic 

r m \ ^ ''''• 7711 7712 7773 ( \ ^ 

mj 
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can be represented symbolically by three types of factors, viz. 

(abc), {abu),aj:, 
together with the universal covariant u^ . 

We first prove two lemmas. 
Lemma 7. The following formula is true: 



^njjr. 



d a d 

dXi dXo dXs 

d a d 

9«i 9^2 ^tia 

dui 3^2 a^s 



Ai 


\2 


A3 


Ml 


m 


m 


1^1 


V2 


V3 



c. 



(207) 



where C =/= is a numerical constant. 

In proof of this we note that D", expanded by the multinomial theorem, 
gives 



-D" = X^ ■ ,■',. , Ai'AyA3=^(/X2Z/3-M3'^2)''(M3^1-Mlt^3)'^(j»lt^2-j"2t^l)'^ wZ^i = 



iiW.is^- 



Also the expansion of A" is given by the same formula where now (Ar/igZ^t) is 
replaced by I or- □ — o — I • We may call the term given by a definite set ii,i2, *3 



dXr a^s ai/t 

of the exponents in Z)", the correspondent of the term given by the same set of 
exponents in A". Then, in A"Z)", the only term of D" which gives a non-zero 
result when operated upon by a definite term of A" is the correspondent of that 
definite term. But D" may be written 



^" = E 



ii!«2!«3! 



Al^A^2^A^^(/.z.)inH?(/^^)3^ 



An easy differentiation gives 
d d 



dfi dv 



(Hr(/"'^)?(H? = «3(ii + i2 + i3 + l)(Hr (Hy(M^)3= 



is-l 



and two corresponding formulas may be written from symmetry. These formulas 
hold true for zero exponents. Employing them as recursion formulas we have 
immediately for A"Z)", 



A„D" 



" / I N 2 

Y\ ■ ,"',■ I {iiW-h\f{ii +i2+h + 1)! 
i~o Vn!«2!«3!y 

n ^ 

Y, inl)\n + 1)! = -{n\f{n + l)\n + 2). 



(208) 



i,=0 



This is evidently a numerical constant C =/= 0, which was to be proved (cf. (91)). 
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Lemma 8. If P is a product of m factors of type a\, n of type /3^, and p of 
type 7iy, then A P is a sum of a number of monomials, each monomial of which 
contains k factors of type (a/?7), m— k factors of type a\,n— k of type /3^, and 
p- k of type 7^. 

This is easily proved. Let P = ABC, where 

A = aiM')---4™^ 



Then 



i^^ = ^a«^(^«^^^ 




Writing down the six such terms from AP and taking the sum we have 

r,s,t "7 K^i Ji' 

which proves the lemma for k = 1, inasmuch as —rpv has to — 1 factors; and 

"a 

so forth. The result for A P now follows by induction, by operating on both 
members of equation (209) by A, and noting that (^a^^'/3^'''j^*)) is a constant 
as far as operations by A are concerned. 

Let us now represent a concomitant of / by (f)(a, x), and suppose that it does 
not contain the variables (u), and that the corresponding invariant relation is 

(j){a\x\ ■■■) = {\iivY(j){a, X, • • • ). (210) 

The inverse of the transformation V is 

x[ = {\ijivy^[{iiv)ixi + {llv)2X2 + (^1^)3x3] 

etc. Or, if we consider (x) to be the point of intersection of two lines 

Vx = wixi + W2a;2 + W3X3, 
Wx = wixi + W2X2 + ^32:3, 

we have 

xi : X2 : x^ = {vw)i : {vw)2 : {vw)^. 

Substitution with these in x'j^ , • • • and rearrangement of the terms gives for the 
inverse of V 

X\ 
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We now proceed as if we were verifying the invariancy of </), substituting 
from V^^ for x'i,x'^,x^^ on the left-hand side of (210), and replacing a'rnim2m3 
by its symbolical equivalent aj^^ a™^ a^^ (cf. (199)). Suppose that the order of 
(j) is Lu. Then after performing these substitutions and multiplying both sides of 
(210) by {Xfiiy)'^ we have 

<^i(a™la™^a^^ «Am;^ - v^wx, ■■■) = (AH"'+'"'/'(«, 2:, • • • ), 

and every term of the left-hand member of this must contain w + lo factors with 
each suffix, since the terms of the right-hand member do. Now operate on both 
sides by A. Each term of the result on the left contains one determinant factor 
by lemma 2, and in addition w + to — I factors with each suffix. There will be 
three types of these determinant factors e.g. 

(abc), (avw) = a^, (abv). 

The first two of these are of the form required by the theorem. The determinant 
(abv) must have resulted by operating A upon a term containing ax, b^,v^ and 
evidently such a term will also contain the factor w^ or else wx. Let the term 
in question be 

Raxbf^v^Wf,. 

Then the left-hand side of the equation must also contain the term 

-Raxbf^Vf,w^, 

and operation of A upon this gives 

— R{abw)Vfj_, 

and upon the sum gives 

R [(abv)wij_ — {abw)vij] . 

Now the ffist identity of (212) gives 

{abv)w^ - {abw)v^ = (bvw)a^ - {avw)bf, = b^a^j, - bfj^a^. 

Hence the sum of the two terms under consideration is 

Rihcif^ - b^a^), 

and this contains in addition to factors with a suffix fi only factors of the required 
type ax . Thus only the two required types of symbolical factors occur in the 
result of operating by A. 

Suppose now that we operate by A^^*^ upon both members of the invariant 
equation. The result upon the right-hand side is a constant times the concomi- 
tant (/)(a, x) by lemma 1. On the left there will be no terms with A, fi, v suffixes, 
since there are none on the right. Hence by dividing through by a constant we 
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have (p{a, x) expressed as a sum of terms each of which consists of symbohcal 
factors of only two types viz. 

{abc),aj:, 

which was to be proved. Also evidently there are precisely to factors a^ in each 
term, and w of type (abc), and a; = if (/) is an invariant. 

The complete theorem now follows from the fact that any invariant formation 
of / is a simultaneous concomitant of / and u^- That is, the only new type of 
factor which can be introduced by adjoining u^ is the third required type (abu). 

9.1.4 Reduction identities. 

We now give a set of identities which may be used in performing reductions. 
These may all be derived from 



(abc){xyz), (211) 



as a fundamental identity (cf. Chap. Ill, §3, II). We let ui,U2,U3 be the 
coordinates of the line joining the points (x) = {xi,X2,X3),{y) = (yi, 2/2, ya)- 
Then 

wi : W2 : W3 = ixy)i : {xy)2 : {xy)'i. 
Elementary changes in (211) give 

{bcd)ax — {cdajbx + {dab)cx — {abcjdx = 0, 

{bcu)ax — (cuajbx + (uab)cx — {abcjUx = 0, (212) 

{abc){def) - {dab){cef) + {cda){bef) - {bcd){aef) = 0. 

Also we have 

a^by — aybx = {abu), (213) 

VaWi, -VhWa = (abx) . 

In the latter case (x) is the intersection of the lines v,w. 

To illustrate the use of these we can show that if / = a^ = • • • is a quadratic, 
and D its discriminant, then 

(abc)(abd)cxdx = -Df. 

In fact, by squaring the first identity of (212) and interchanging the symbols, 
which are now all equivalent, this result follows immediately since (abc)'^ = D. 
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9.2 Transvectant Systems 

9.2.1 Transvectants from polars. 

We now develop a standard transvection process for ternary forms. 

Theorem. Every monomial ternary concomitant of f = a™ = • • • , 

(j) = {abcY{abdY ■ ■ ■ {body ■ ■ ■ {abuY{bcuf ■ ■ ■ a" ■ ■ ■ , 

is a term, of a generalized transvectant obtained by polarization from a con- 
comitant (f>i of lower degree than (f>. 

Let us delete from </) the factor a", and in the result change a into v, where v 
is cogredient to u. This result will contain factors of the three types (bcv), (bed), 
(buv), together with factors of type b^. But (uv) is cogredient to x. Hence the 
operation of changing (uv) into x is invariantive and (buv) becomes b^. Next 
change v into u. Then we have a product cjji of three and only three types, i.e. 

(bcu), {bcd),bx, 

(f)i = {bcdY---(bcuY ■■■blci--- . 

Now (fii does not contain the symbol a. Hence it is of lower degree than 0. Let 
the order of be a;, and its class /i. Suppose that in 4> there are i determinant 
factors containing both a and m, and k which contain a but not u. Then 

a -\- i -\- k = m. 

Also the order of 4>i is 

uji = uj -\- 2i -\- k — m, 

and its class 

jii = ji — i -\- k. 

We now polarize 0i, by operating (y-g-) (y-g-Y upon it and dividing out the 
appropriate constants. If in the resulting polar we substitute v = a, y = (au) 
and multiply by a™^*^ we obtain the transvectant (generalized) 

r =(</.!, a™, <)'''. (214) 

The concomitant is a term of t. 

For the transvectant r thus defined k -\- i is called the index. In any ternary 
concomitant of order w and class fi the number a; + /i is called the grade. 
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DEFINITION. 

The mechanical rule by which one obtains from a concomitant 

C = Aaixa2x ■ ■ ■ arxOiiua2u ■ ■ ■ «««, 
any one of the three types of concomitants 

Ci = A{aia2a3)a4x ■ ■ ■ arxOi\uOL2u ■ ■ ■ «««, 

C2 = Aaiaia2x ■ ■ ■ arx(X2uOi3u ■ ■ ■ "su, 

C3 = A{aia2a3)aix ■ ■ ■ a-rxaiu ■ ■ ■ «««, 

is called convolution. In this ai„j indicates the expression 

aiiaii + ai2ai2 + aiaais. 
Note the possibility that one a might be x, or one a might be u. 

9.2.2 The difference between two terms of a transvectant. 

Theorem. . The dijference between any two terms of a transvectant t equals 
reducible terms whose factors are concomitants of lower grade than t, plus a 
sum of terms each term of which is a term of a transvectant f of index ^ k + i, 

f= ((^"1, a™, <)''''. 

In this (f)i is of lower grade than (f>i and is obtainable from the latter by convo- 
lution. 

Let (jji be the concomitant C above, where A involves neither u nor x. Then, 
with A numerical, we have the polar 

5 \ V d 



\ duj \ dx 

= A 2_^ aiya2y ■ ■ ■ a-iytti^ix ■ ■ ■ a^xCtiv ■ ■ ■ ct^yak^iu ■ ■ ■ ««„. (215) 

Now in the ith polar of a simple product like 

P= l\xl2x ■ ■ -Itx, 

two terms are said to be adjacent when they differ only in that one has a factor 
of type jhyjjx whereas in the other this factor is replaced by ^hxljy Consider 
two terms, ^1,^2 of P. Suppose that these differ only in that OinvCtkuO-hyO^jx in 
ti is replaced in ^2 by cxrjuCKKvCihxO-jy Then ti — ^2 is of the form 

ti 62 ^\^7]v^Ku(^hy^jx ^Tju^Kv^hx^jy ) • 
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We now add and subtract a term and obtain 

h -h = B[ar^ya^u{ahya.jx - ahxajy) + ahxajy{anv(XK.u - ajjua^y)]. (216) 

Each parenthesis in (216) represents the difference between two adjacent terms 
of a polar of a simple product, and we have by (213) 

h-h = B{yx{ahaj))arjyai^u + B{ai^ar,{uv))ahxajy (217) 

The corresponding terms in t are obtained by the replacements v = a, y = (au). 
They are the terms of 

S = -B' {{au){ahaj)x)aar,aK.u - B' {{au)a^ari){ajau)ahx, 

or, since 

{{au){ahaj)x) = {aahaj)ux - {ahaju)ax, 

of 

S = B' {ahaju)ariaOiK.u0.x - B' {ahaja)arfaaKuUx 

-\- B {a„ai^{au)){ajau)af^x, 

where B becomes B' under the replacements v = a, y = (au). The middle 
term of this form of S is evidently reducible, and each factor is of lower grade 
than T. By the method given under Theorem I the first and last terms of S are 
respectively terms of the transvectants 

n = {Bi{ahaju)a^uaKu,a^,ul^^) 

— / 7~i / \ Tn 7-1-1 \ -'-)i~r-L 

T2 = {Bi{aa^x)ajxahx,a^ : "/ ) 
The middle term is a term of 

— / 7~i / \ m i — 1 \ -'-;^~r-L 

T3 = {-Bi{ahajU)ariuaKu, a^ ,u^ ) ■ u^ 



In each of these Bi is what B becomes when v = u,y = x] and the first form in 
each transvectant is evidently obtained from Ux4>i = Cux by convolution. Also 
each is of lower grade than 0i . 

Again if the terms in the parentheses in form (216) of any difference ii — f 2 are 
not adjacent, we can by adding and subtracting terms reduce these parentheses 
each to the form ^ 

[(n - rs) + (r2 - T3) + • • • (t;_i - n)] , (218) 



■^Isserlis. On the ordering of terms of polars etc. Proc. London Math. Society, ser. 2, Vol. 
6 (1908). 
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where every difference is a difference between adjacent terms, of a simple polar. 
Applying the results above to these differences r^ — t^+i the complete theorem 
follows. 

As a corollary it follows that the difference between the whole transvectant 
T and any one of its terms equals a sum of terms each of which is a term 
of a transvectant of a™ with a form (pi of lower grade than 0i obtained by 
convolution from the latter. For if 

T = ViTi + V2T2 + h VrTr H 

where the z/'s are numerical, then t^ is a term of r. Also since our transvectant 
T is obtained by polarization, ^ z^i = 1 . Hence 

T -Tr = Vi{ti - Tr) + V2{t2 - ^r) ^ , 

and each parenthesis is a difference between two terms of r. The corollary is 
therefore proved. 

Since the power of u^ entering t is determinate from the indices k, i we may 
write T in the shorter form 

The theorem and corollary just proved furnish a method of deriving the 
fundamental system of invariant formations of a single form / = a™ by passing 
from the full set of a given degree i — 1, assumed known, to all those of the 
fundamental system, of degree i. For suppose that all of those members of the 
fundamental system of degrees < i — I have been previously determined. Then 
by forming products of their powers we can build all invariant formations of 
degree i — 1. Let the latter be arranged in an ordered succession 

// /// I/// 
(P ,<P ,9 ,■■■ 

in order of ascending grade. Form the transvectants of these with a™,Tj = 
{(p^-'', a™) '*. If Tj contains a single term which is reducible in terms of forms of 
lower degree or in terms of transvectants tj,j' < j, then Tj may, by the theorem 
and corollary, be neglected in constructing the members of the fundamental 
system of degree i. That is, in this construction we need only retain one term 
from each transvectant which contains no reducible terms. This process of con- 
structing a fundamental system by passing from degree to degree is tedious for 
all systems excepting that for a single ternary quadratic form. A method which 
is equivalent but makes no use of the transvectant operation above described, 
and the resulting simplifications, has been applied by Gordan in the derivation 
of the fundamental system of a ternary cubic form. The method of Gordan 
was also successfully applied by Baker to the system of two and of three conies. 
We give below a derivation of the system for a single conic and a summary of 
Gordan's system for a ternary cubic (Table VII). 
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9.2.3 Fundamental systems for ternary quadratic and cu- 
bic. 

Let f = a^ = b^ = ■ ■ ■ . The only form of degree one is / itself. It leads to the 
transvectants 

(a2,fe2)0,i = ^abu)a,b, = 0, {alblf'' = (abu)' = L. 

Thus the only irreducible formation of degree 2 is L. The totality of degree 2 
is, in ascending order as to grade, 

{abuf, albl. 

All terms of (/^,/) '* are evidently reducible, i.e. contain terms reducible by 
means of powers of / and L. Also 

{(abu) , Cj,) ' = {abc)(abu)cx 

= o(«M [{abu)cx + {bcu)ax + {cau)bj:] = -{abcj'^Ux, 
((a6w)2,c2)2.o = (abcf = D. 

Hence the only irreducible formation of the third degree is D. Passing to degree 
four, we need only consider transvectants of fL with /. Moreover the only 
possibility for an irreducible case is evidently 

(/-L, /) ' = {abd){abu){cdu)cx 

= -{abu){cdu)[{abd)cx -\- (bcd)ax + {dcajb^ + {acb)dx] = 0. 

All transvectants of degree > 4 are therefore of the form 

{f''UJ)'''\i + k<3), 

and hence reducible. Thus the fundamental system of / is 

Ux,f,L,D. 

The explicit form of D was given in section 1 . A symmetrical form of L in 
terms of the actual coefficients of the conic is the bordered discriminant 



L 



0200 Olio aiOl wi 

ailO ao20 aoll U2 

aiOl aoll ao02 W3 

Ml "2 "3 



To verify that L equals this determinant we may expand (abu)^ and express 
the symbols in terms of the coefficients. 

We next give a table showing Gordan's fundamental system for the ternary 
cubic. There are thirty-four individuals in this system. In the table, i indicates 
the degrees. 

The reader will find it instructive to derive by the methods just shown in the 
case of the quadratic, the forms in this table of the first three or four degrees. 
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TABLE VII 



i 


INVARIANT FORMATION 





Ux 


1 


4 


2 


{abuYaxbx 


3 


{abu)'''{bcu)axC^,a'x = {abc)'''axbxCx, s'^ = {abc){abu){acu){bcu) 


4 


{aau)a^a'^,asS^a'^, S = a'^,p1 = {abu)'^{cdu)^{bcu){adu) 


5 


assf^{abu)axb^,asbsSua^b^,as{abu)'^sf^bx,t'^ = asbgSu^abuY 


6 


a,bsSy,{bcu)ai.bxci., a.ssi{abuy^{bcu)ci.,attlai, T = af 


7 


slplispx),attl{abu)axbl,atbttuaibl, atii{abufbx 


8 


atbttu{bcu)aibxci.,ql = atbtCtaH)ici,atii^{abuf{bcu)ci.,siti{stx) 


9 


{aqu)aiql,plii{ptx),atsltuai{stx) 


10 


atbts^a^bl(stx) , ats^tu{abu)'^bx{stx) 


11 


{aqu)ai^ql 


12 


{aaq)ai.aiql,plslii(pst) 



9.2.4 Fundamental system of two ternary quadrics. 

We shall next define a ternary transvectant operation which will include as 
special cases all of the operations of transvection which have been employed 
in this chapter. It will have been observed that a large class of the invariant 
formations of ternary quantics, namely the mixed concomitants, involve both 
the (x) and the (u) variables. We now assume, quite arbitrarily, two forms 
involving both sets of variables e.g. 



4> = Aaixa2x- ■ -arxaiuaiu- ■ -a-sui 

"0 = Bbixb2x- ■ ■bpxP\uP2u- ■ ■ Paui 

in which A, B are free from (x) and (u) . A transvectant of </), and ip of four 
indices, the most general possible, may be defined as follows: Polarize <f> by the 
following operator. 



dx J \ ^ dx , 



J2\yi'i^} \y2 



X V 



,(1) ^ 
'' du 



,(1) ^ 

'' du 



,(1)A 

'P dx 

1)9 



,(1) 



du 



(2)d_ 
dx 



(2) 



'' du 



2/2 



(2) 



d 
dx 



,(2). 



du 



,(2) 



d 



'P dx 



,(2). 



du 



wherein ei, ii,ai,Vi = or 1, and 



^'^ = h^i' = j,^(^ = k,^i^ = l; i + jSr, k + l^s. 
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Substitute in the resulting polar 



(a) Vp = Pp {p=l,2,...,i), 

(b) yi^^ = ibpu) (p=l,2,...,i), 

(c) vi'^ = bp {p=l,2,...,k), 

(d) 4'^ = (/3px) (p=l,2,...,0, 



and multiply each term of the result by the b^, Pu factors not affected in it. The 
resulting concomitant t we call the transvectant of (f) and ij) of index ' , 
and write 



i^^i'Tk^r 



An example is 



{ai^a2xauMxb2xPu)ifi = aif3ab^_{a2biu) + aif3ai,^{a2b2u) 

+ a2i3ai,^{aibiu) + a2i3abi{aib2u). 



If, now, we introduce in place of (f> successively products of forms of the funda- 
mental system of a conic, i.e. of 



f = al,L = al= {a'a"uf, D = {aa'a"f, 
and for xjj products of forms of the fundamental system of a second conic, 
g=blL' = /3l = {b'b"u)\D' = {bb'b"f, 



we will obtain all concomitants of / and g. The fundamental simultaneous 
system of /, g will be included in the set of transvectants which contain no 
reducible terms, and these we may readily select by inspection. They are 17 in 
number and are as follows: 
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Ci 

^122 
C2 
C3 

Alu 

C4 

F 

C5 
Ce 
Cj 
Cs 
G 

r 

Ki 
K2 
K3 



"liblfo'^t = {abu)a^b^, 

2 /32\2,0 _ 2 

2 o2\l,0 _ o 

2 l2\0,0 , 

a«>03;)lio = OibauOx, 

2 l2\0,0 2 

"«.^x)2;0 = "6' 

(^l^Plfo'l = {aPx)auPu, 

2 a2\0,0 I r, \2 

o^u^Pu)o,2 = (apa;) , 
C'l,blf3l)°'° = ab{al3x)b^/3u, 



(a^"u'^^)i;o = ab{abu)axau, 
(aI"u'/3«)oii = afj{al3x)a^au, 
{fL,gL'){^^ = af3ai,{a(3x)a^b^, 
{fL,gL'){Q = af3ab{abu)auf3u, 
ifL,gL')l'l = ai3{abu)au{aPx)b^, 
{fL,gL')°'l = ai,{abu)f3u{af3x)a^, 
{fL,gL'){^^ = a/)ab{abu){a[3x). 
The last three of these are evidently reducible by the simple identity 

{abu){af3x) 



a-a 


ba 


O^u 


ap 


h 


Pu 


flx 


bx 


Ux 



The remaining 14 are irreducible. Thus the fundamental system for two ternary 
quadrics consists of 20 forms. They are, four invariants D, D' , A112, A122] four 
covariants /, g, _F, G; four contravariants i, i', $, F; eight mixed concomitants 
Ci, (i = ;,..., 8). 



9.3 Clebsch's Translation Principle 

Suppose that (j/), (z) are any two points on an arbitrary line which intersects 
the curve / = a™ = 0. Then 

ui ■.U2 ■.U3 = {yz)i : {yz)2 : {yz)^ 

are contragredient to the x's. If (x) is an arbitrary point on the line we may 
write 

xi = rjiyi + m^i, X2 = r]iy2 + m^2, x^ = ryiys + 772^3, 
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and then (771,772) niay be regarded as the coordinates of a representative point 
(x) on the Hne with (y), (z) as the two reference points. Then a^ becomes 

a-x = aixi + 02X2 + 03X3 = rjiay + 7720^, 

and the (rj) coordinates of the m points in which the hne intersects the curve 
/ = are the m roots of 

5 = < = {ayVi + azmr = (byVi + bz^T = ' ' ' • 

Now this is a binary form in symboHcal notation, and the notation differs from 
the notation of a binary form h = a™ = (oiXi + 02X2)™ = . . . only in this, that 
ai, a2 are replaced by a^, a^, respectively. Any invariant, 

of h has corresponding to it an invariant / of p, 

/ = ^ k{ayb^ - a^byY{ayC^ - a^CyY ■■■ . 

If / = then the line cuts the curve / = a™ = in m points which have the 
protective property given by /i = 0. But (cf. (213)), 

{aybz - a^by) = (abu). 

Hence, 

Theorem. // in any invariant, /i = 5^ k{ap)P{acY ■ ■ ■ of a binary form h = 
a™ = (aixi + a2a;2)™ = • • • we replace each second order determinant (ab) 
by the third order determinant (abu), and so on, the resulting line equation 
represents the envelope of the line u^ when it moves .so as to intersect the curve 
f = o™ = (flixi + 02X2 + 03X3)™ = in m points having the protective property 
Ji = 0. 

By making the corresponding changes in the symbolical form of a simulta- 
neous invariant / of any number of binary forms we obtain the envelope of u^ 
when the latter moves so as to cut the corresponding number of curves in a 
point range which constantly possesses the projective property 7=0. Also this 
translation principle is applicable in the same way to covariants of the binary 
forms. 

For illustration the discriminant of a binary quadratic h = a^ = b^ = ■ ■ ■ is 
D = {abY . Hence the line equation of the conic / = a^ = (01X1+02X2+03X3)^ = 
• • • = is 

L = {abuf = 0. 

For this is the envelope of u^ when the latter moves so as to touch / = 0, i.e. 
so that D = for the range in which u^ cuts / = 0. 

The discriminant of the binary cubic h = (oiXi + 02X2)^ = ^^ = ' ' ' i^ 

R= {abY{ac){bd){cdY. 
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Hence the line equation of the general cubic curve f = a^ = ■ ■ ■ is (cf. Table 
VII) 

p^ = L = (abu) {acu){hdu){cdu) = 0. 

We have shown in Chapter I that the degree i of the discriminant of a binary 
form of order m is 2(to — 1). Hence its index, and so the number of symbolical 
determinants of type (ab) in each term of its symbolical representation, is 

k = -im = m(rn — 1). 

It follows immediately that the degree of the line equation, i.e. the class of a 
plane curve of order m is, in general, ni{m — 1). 

Two binary forms hi = a™ = a'J" = . • • , h2 = b™ = . . ., oi the same order 
have the bilinear invariant 

/ = (a6)™ 

If J = the forms are said to be apolar (cf. Chap. Ill, (71)); in the case m = 2, 
harmonic. Hence {abu)"^ = is the envelope of u^; = when the latter moves 
so as to intersect two curves / = a™ = 0, gr = 6™ = 0, in apolar point ranges. 
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APPENDIX 

EXERCISES AND THEOREMS 

1. Verify that / = 0904 — Aaia^ + 3a2 is an invariant of the binary quartic 

/ = aoXi + Aa\x\X2 + &a2XiX2 + 403X1X2, +04X2 

for which 

/' = {Xiifl. 

2. Show the invariancy of 

ai(aoXi + 01X2) — aQ{aiXi + 02X2), 

for the simultaneous transformation of the forms 

/ = aoxi + aiX2, 

g = 00X4 + 204X4X2 + 02X2. 

Give also a verification for the covariant C of Chap. I, §1, V, and for J0,A of 
Chap. II, §3. 

3. Compute the Hessian of the binary quintic form 

/ = oqXi + 5aiXiX2 + . . . . 
The result is 

— H = (0902 — ai)x4 + 3(0003 — oia2)xiX2 + 3(0904 + 0403 — 2o2)x4X2 

+ (0905 + 70404 — 80203)X4X2 + 3(0405 + O2O4 — 2o3)x4X2 
+ 3(0205 - a304)xiX2 + (0305 - 04)X2. 

4. Prove that the infinitesimal transformation of 3-space which leaves the 
differential element, 

a = dx + dy -\- dz 

invariant, is an infinitesimal twist or screw motion around a determinate invari- 
ant line in space. (A solution of this problem is given in Lie's Geometric der 
Beriihrungstransformationen §3, p. 206.) 

5. The function 

2 2 22 3 3 

q = O0O2 + 0002 + 0904 + O4O2 — Og — 02, 

is a formal invariant modulo 3 of the binary quadratic 

/ = 00X4 + 2oixiX2 + 02X2 (Dickson) 

6. The function 0903 + 0402 is a formal invariant modulo 2 of the binary 
cubic form. 
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7. Prove that a necessary and sufficient condition in order that a binary 
form / of order m may be the mth power of a Hnear form is that the Hessian 
covariant of / should vanish identicahy. 

8. Show that the set of conditions obtained by equating to zero the 2m — 3 
coefficients of the Hessian of exercise 7 is redundant, and that only m — 1 of 
these conditions are independent. 

9. Prove that the discriminant of the product of two binary forms equals 
the product of their discriminants times the square of their resultant. 

10. Assuming (y) not cogredient to (x), show that the bilinear form 

/ = ^ aikXiVk = anxiyi + auxiy2 + 021X22/1 + 022X22/2, 
has an invariant under the transformations 

. xi = aiS,i + l3iS.2,X2 = 716 + h^2, 
' yi = a2??i + /32»72, 2/2 = 72»7i + '^2»72, 

in the extended sense indicated by the invariant relation 

r'^11 '^211 _ ["^1 A]rC«2 /32irail a21i 
'*12 ''^22 7l Ol 72 O2 ai2 ^22 

1 1 . Verify the invariancy of the bilinear expression 

Hfg = 011622 + 022^11 - 012^21 - a,2ibi2, 
for the transformation by r of the two bilinear forms 

/ = 2J "-ikXiVk, 9 = z2 ^ikXiVk- 

12. As the most general empirical definition of a concomitant of a single 
binary form / we may enunciate the following: Any rational, integral function 
of the coefficients and variables of / which needs, at most, to be multiplied 
by a function i}} of the coefficients in the transformations T, in order to be 
made equal to the same function of the coefficients and variables of /', is a 
concomitant of /. 

Show in the case where 4> is homogeneous that ip must reduce to a power of 
the modulus, and hence the above definition is equivalent to the one of Chap. 
I, Section 2. (A proof of this theorem is given in Grace and Young, Algebra of 
Invariants, Chapter H.) 

13. Prove by means of a particular case of the general linear transformation 
on p variables that any p-ary form of order m, whose term in x™ is lacking, can 
always have this term restored by a suitably chosen linear transformation. 

14. An invariant of a set of binary quantics 

/i = 00x5" + • • • , /2 = hx'l + ■■■ J3 = coxf + • • • , 
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satisfies the differential equations 

V- ,9 d 

} ^\ltp = (oot; l"2ai^ 1 l-mam-i- 



d d 



d 



Co 



dci 

I 

daQ 



= 



+ (n-l)62T;7-H hpci-— - 

abi oco 



d 



= 



nbi 



db. 



Tfie covariants of tfie set satisfy 



E^ 



X2 



Xl 



-) 

dxij 

d 
dxr 



0, 
0. 



15. Verify tfie fact of anniliilation of tlie invariant 



J=6 



ao 


ai 


02 


ai 


02 


as 


02 


as 


a4 



of tfie binary quartic, by tfie operators Q, and O. 

16. Prove by tfie annifiiiators tfiat every invariant of degree 3 of tfie binary 
quartic is a constant times J. 

(SUGGESTION. Assume tfie invariant with literal coefficients and operate 
by n and O.) 

17. Show that the covariant J0,A of Chap. II, Section 3 is annihilated by 
the operators 

E^--2^'Eo--ia^- 

18. Find an invariant of respective partial degrees 1 and 2, in the coefficients 
of a binary quadratic and a binary cubic. 

The result is 



/ = 00(6163 - 62) - 01(6063 - 6162) + 02(6562 - 61). 

19. Determine the index of / in the preceding exercise. State the circum- 
stances concerning the symmetry of a simultaneous invariant. 

20. No covariant of degree 2 has a leading coefficient of odd weight. 

21. Find the third polar of the product / • g, where / is a binary quadratic 
and g is a cubic. 

The result is 
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22. Compute the fourth transvectant of the binary quintic / with itself. 
The result is 

(/j /) = 2(aoa4—4aia3+3a2)x]^+2(aoa6—3aia4+2a2a3)aia2+2(aia5— 40204+303)0:2. 

23. li F = alblc^, prove 

^^^ = 7!Y I (J) (0) (3)"'^'^^ + C) (?) (^^->^^y^^^^ 



2i r 



24. Express the co variant 

Q = {ab)'^{ch)(^a^ 

of the binary cubic in terms of the coefficients of the cubic by expanding the 
symbolical Q and expressing the symbol combinations in terms of the actual 
coefficients. (Cf. Table I.) 

25. Express the co variant -\-j = {{f,f),f) of a binary quintic in terms of 
the symbols. 

The result is 

-j = {ab)'^(bc)'^{ca)'^axbxCx = -{ab)'^{ac) {bejel. 

26. Let (f) be any symbolical concomitant of a single form /, of degree i in the 
coefficients and therefore involving i equivalent symbols. To fix ideas, let be a 
monomial. Suppose that the i symbols are temporarily assumed non-equivalent. 
Then 0, when expressed in terms of the coefficients, will become a simultaneous 
concomitant 0i of i forms of the same degree as /, e.g. 

f = oox™ + maix™^"^X2 H , 

/i = 6oa:r + mfeix^"^X2 + • • • , 



Also 01 will be linear in the coefficients of each /, and will reduce to again 
when we set bi = ■ ■ ■ = li = ai, that is, when the symbols are again made 
equivalent. Let us consider the result of operating with 

d d d f d 

= Pa -7. h Pi -7. 1 VPm T. — = [P^r 

aao aai oam \ oa 

upon (j). This will equal the result of operating upon <f>i, the equivalent of S, 
and then making the changes 

bj = ■ ■ ■ = Ij = aj(j = 0, ■ ■ ■ , m) . 



9.3. CLEBSCH'S TRANSLATION PRINCIPLE 205 

Now owing to the law for differentiating a product tfie result of operating j^ 
upon (f> is the same as operating 

d d d 

duj dbj dlj 

upon <f>i and then making the changes h = ■ ■ ■ = I = a. Hence the operator 
which is equivalent to 5 in the above sense is 

d \ f d\ f d 



When 5i is operated upon 0i it produces i concomitants the first of which is 0i 
with the a's replaced by the p's, the second is 0i with the 6's replaced by the 
p's, and so on. It follows that if we write 

TT™ = pQxf + mpix5""^X2 H , 

and 

cj,= {ahy{acy---aP,bl--- , 

we have for 5(j) the sum of i symbolical concomitants in the first of which the 
symbol a is replaced by tt, in the second the symbol 6 by tt and so forth. 
For illustration if (j) is the covariant Q of the cubic, 

Q= {abf{cb)cla^, 

then 

6Q = {■jTby{cb)clTTx + (a7r)^(c7r)c^aa; + (a6)^(7r6)7r^aa;. 

Again the operator § and the transvectant operator Q are evidently per- 
mutable. Let g, h be two covariants of / and show from this fact that 

S{g,hY = iSg,hY + {g,5hY. 

27. Assume 

Q = if, (/,/)') = icA)clA, = {ab)Hcb)cla, = Q% 
R = (A, A)2 = {abf{cdf{ac){bd), 

and write 

Q = Qx = QoX'l + 'iQiXiX2 + 'iQ2XiX2 + Q3X2. 

Then from the results in the last paragraph (26) and those in Table I of Chapter 
III, prove the following for the Aronhold polar operator delta = {Qg^)- 

5f = Q, 
SA = 2{aQYa,Q, = 2if,QY = 0, 

5Q = 2(/,(/,Q)2) + (g,A) = -^i?/, 
5i? = 4(A,(/,Q)2)2 = o. 
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28. Demonstrate by means of Hermite's reciprocity theorem that there is 
a single invariant or no invariant of degree 3 of a binary quantic of order m 
according as m is or is not a multiple of 4 (Cayley). 

29. If / is a quartic, prove by Gordan's series that the Hessian of the Hessian 
of the Hessian is reducible as follows: 

{{H,H)MH,H)r = -^/Jf+'gH [h' - y/ 

Adduce general conclusions concerning the reducibility of the Hessian of the 
Hessian of a form of order m. 

30. Prove by Gordan's series, 

where i = (/, /)^, and / is a sextic. Deduce corresponding facts for other values 
of the order m. 

31. If / is the binary quartic 

J "a; "x ^x ' 

show by means of the elementary symbolical identities alone that 

{ah)\acfhlcl = \!-{ah)\ 

(SUGGESTION. Square the identity 

2{ah){ac)h^c^ = {ab)^cl + {ac)'^bl - (6c)^a^.) 

32. Derive the fundamental system of concomitants of the canonical quartic 

X'^ + Y^ + 6mX^Y\ 

by particularizing the a coefficients in Table II. 

33. Derive the syzygy of the concomitants of a quartic by means of the 
canonical form and its invariants and covariants. 

34. Obtain the typical representation and the associated forms of a binary 
quartic, and derive by means of these the syzygy for the quartic. 

The result for the typical representation is 

f • m = e + 3mW + mv' + {\if - \h')v'- 

To find the syzygy, employ the invariant J. 

35. Demonstrate that the Jacobian of three ternary forms of order m is a 
combinant. 

36. Prove with the aid of exercise 26 above that 
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is a combinant of / = a" and (j) = a". 

37. Prove that Q = {ab){bc){ca)axbxCx, and all covariants of Q are combi- 
nants of the three cubics a^,b^, c^ (Gordan) . 

38. Let / and g be two binary forms of order m. Suppose that <f> is any 
invariant of degree i of a quantic of order m. Then the invariant (f> constructed 
for the form vif -\- V2g will be a binary form Fi of order i in the variables? 
1)1, 1)2. Prove that any invariant of Fi is a combinant of f,g. (Cf. Salmon, 
Lessons Introductory to Modern Higher Algebra, Fourth edition, p. 211.) 

39. Prove that the Cartesian equation of the rational plane cubic curve 

Xi = aio(_f + aii^l^2 H h OisCK* = 1^ 2, 3), 



0(xi,X2,X3) 



\aoaix\ \aoa2X\ \aoa3X\ 

\aoa2x\ \aoa3x\ + |aia2x| |aia3a;| 
aoosxl laiasa;! |a2a3a;| 



0. 



40. Show that a binary quintic has two and only two linearly independent 
seminvariants of degree five and weight five. 

The result, obtained by the annihilator theory, is 



A(aoa5 — 5aoaia4+10aga]^ 03 — lOaofl]^ 02+40]^ )+/i(aoa2 — a]^)(aoa3—3aoai 02+20]^). 

41. Demonstrate that the number of linearly independent seminvariants of 
weight w and degree i of a binary form of order m is equal to 

{w; i, m) — {w — I; i, m), 

where {w; i, m) denotes the number of different partitions of the number w into 
i or fewer numbers, none exceeding m. (A proof of this theorem is given in 
Chapter VII of Elliotts' Algebra of Quantics.) 

42. If / = a™ = b™ = ■ ■ ■ is a ternary form of order m, show that 

(/,/)°'^* = {abuf''a^-'^''b^-'^\ 
Prove also 

43. Derive all of the invariant formations of degrees 1, 2, 3, 4 of the ternary 
cubic, as given in Table VII, by the process of passing by transvection from 
those of one degree to those of the next higher degree. 

44. We have shown that the seminvariant leading coefficient of the binary 
CO variant of / = a™. 



^ = (abnacr ■ ■ ■ aPU 



Pb" 

XX 
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<Po = iab)P{acy---a^b'[--- , 

If we replace a^ by a^, &i by 6^ etc. in (f>o and leave a2,b2, ■ ■ ■ unchanged, the 
factor (ah) becomes 

(aixi + 02x2)62 - (6ia;i + 62X2)02 = (o6)xi. 

At the same time the actual coefficient o^. = o™^''a2 of / becomes 

_ {m-r)\ d'-f 
2 m! dx^2 

Hence, except for a multiplier which is a power of xi a binary covariant may be 
derived from its leading coefficient 0o by replacing in (j)o,ao,ai, ■ ■ ■ , o™ respec- 
tively by 

19/ 1 d^f {m-r)\d'-f 1 9™/ 

' m dx2 ' m{m — 1) dx^ ' ' m\ 8x2 ' ' ml dx™ 

Illustrate this by the covariant Hessian of a quartic. 

45. Prove that any ternary concomitant of / = o™ can be deduced from its 
leading coefficient (save for a power of Ux) by replacing, in the coefficient, Opg^, 

p\ f d \'^ f d \^ 



m! K^dxj ydxj "^ 

(Cf. Forsyth, Amer. Journal of Math., 1889.) 

46. Derive a syzygy between the simultaneous concomitants of two binary 
quadratic forms /, g (Chap. VI). 

The result is 

= 2Jl2 = Dig^+D2f-2hfg, 

where J12 is the Jacobian of the two forms, h their bilinear invariant, and Di, 
D2 the respective discriminants of / and g. 

47. Compute the transvectant 

(/,/)°'2 = (a6«)2a,6„ 
of the ternary cubic 

J = a = b = y^ apqrX-^X2X^, 

in terms of its coefficients apqr{P + q + r = 3). 

The result for 5(7, Z)*^'^ is given in the table below. Note that this mixed 
concomitant may also be obtained by applying Clebsch's translation principle 
to the Hessian of a binary cubic. 
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48. Prove that a modular binary form of even order, the modulus being 
p > 2, has no covariant of odd order. 

(Suggestion. Compare Chap. II, Section 2, II. If A is chosen as a primitive 
root, equation (48) becomes a congruence modulo p — 1.) 
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